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Glossary
In English In French In Arabic
Kinematics La cinématique s all
Material point Un point matériel Agale Aty
Reference system Un systeme référentiel aa pldal
Velocity (speed) La vitesse de
Acceleration L’accélération g ol
Motion characteristics Caractéristiques d’un A all pailad
mouvement
Position vector Vecteur position o sall gl
Time equation/ Hourly Equation horaire daia 1 Aalaadll
equation
Trajectory Trajectoire Sl
Trajectory equation Equation de la trajetoire bsall Aalas
Velocity vector Vecteur vitesse de pull glad
Acceleration vector Vecteur accelération g bl gl
Coordinate systems Systeme de coordonnée alilaay) ol

Cartesian coordinates

Coordonnées cartésiennes

A 56, LEaaY)

Polar coordinates

Coordonnées polaire

k) sy

Cylindrical coordinates

Coordonnées cylindriques

il sl iy

Spherical coordinates Coordonnées sphériques 45 K cldlaay)
Intrinsic coordinates Coordonnées intrinseéques e eall cldlaay)
Rectilinear movement Movement réctiligne dagivee 4S jn
Uniform rectilinear movement | Movement réctiligne uniforme | 4aliie daiine 48 ja

MRU

Uniformly varied rectilinear

Movement réctiligne

e%\% B .’. - - ..".. as‘);

movement uniformement varié¢ MRUV
Circular movement Movement circulaire MC 4 aAs
Uniform circular movement Movement circulaire uniforme | aeaiic 43 yila 4S )a

MCU

Uniformly varied circular

movement

Movement circulaire

uniformement varié MCUV
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Sinusoidal or harmonic
movement

Mouvement sinusoidal ou
harmonique

4@ 55 ol A 4S ja

A frame Un referential e ) plae
The equation of motion Equation de mouvement A8 jal) Aalas

A mobile Un mobile e
Average velocity La vitesse moyenne dau il dc yull
Instantaneous velocity La vitesse instantanée Lballl de )
Average acceleration L’accélération moyenne L siall ¢l
Instantaneous acceleration L’accélération instantanée aalll & bl

The orthonormal coordinate
system

Un systéme de coordonnees
orthogonal

Lliall Gldlaay) aUas

The Frenet frame Le repére de Frenet / triedre de | JW s alze
Frenet.

The moving point Un point en movement A8 a Al 4 dale ddats

The normal acceleration L’accélération normal (bl & Ll

tangential acceleration L’accélération tangentielle (s=laall g Lol

Motion Le Mouvement a8 al)

Weight Le poids 053

Linear velocity La vitesse linéaire Aoladl) de L)

Angular velocity La vitesse angulaire Al M de yudl

Linear Acceleration L’accélération linéaire ol g bl

Angular Acceleration L’accélération angulaire &9 g bl

Acceleration of gravity Accélération de pesanteur dpalall ¢ s

Height La hauteur gl Y

The period of a pendulum La période d’une pendule Loy Gl 5550
simple

The sound Le son & gaall

Radius Le rayon ki Caal

The abscissa L’abscisse dalal)

Radius of curvature Le rayon de courbure niall jluall Hlad Caal

The right triangle Un triangle droit 8 Calie

Amplitude Amplitude ol

Frequency Fréquence il gl

Average speed La vitesse moyenne o siall e Ll
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Instantaneous speed

La vitesse instantanée
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Chapter I: Kinematics of material point

1. Introduction

The theory of General Relativity invented by A. Einstein in 1915 is a relativistic theory of
gravitation. This theory challenges the idea of an inert Euclidean space, independent of its
material content. Kinematics studies the movement of a material point independently of the
causes that give rise to it. It is based on a Euclidean description of space and absolute time. The
material point is any material body whose dimensions are theoretically zero and practically
negligible in relation to the distance it travels. The state of movement or rest of a body is two
essentially relative notions: for example, a mountain is at rest in relation to the earth, but in
movement in relation to an observer looking at the earth from afar, for whom the globe (with
all that it contains) is in perpetual movement. In this course, we illustrate the notions of velocity

and acceleration by restricting ourselves to movements in the plane.

2. Reference Systemga

The concept of motion is relative. A body can be in motion with respect to one object and at
rest with respect to another (relative motion), hence the necessity of choosing a reference frame.
A reference frame is a system of coordinate axes linked to an observer.

This study of motion is carried out in two forms:

- Vectorial: using vectors: position OM, velocity ¥, and acceleration d.

- Algebraic: by defining the equation of motion along a given trajectory.

3. Characteristics of a movement

3.1. Vector position and time equations il 4xia 3l ddslaall g 2 gall glad

We define the position of a material point M in a reference frame by the position vector OM,
where O is a fixed point and serves as the origin of the reference frame. The components of
point M or the vector OM are given in the chosen coordinate system's basis (Cartesian
coordinates, polar coordinates, etc.).

The point M moves through time, and this movement is described by an equation known as the

"time equation” (4. 4alas), translated as the "time equation."

3.2.Trajectory il
The trajectory is the geometric path of successive positions occupied by the material point over

time with respect to the considered reference system.
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Example:
The position of a material point M identified by its coordinates (X, y, z) at time t in a coordinate

system R(O,7, J,k) with a position vector:

— t2
OM = (t — 1)?+?]_)

— t?
0M=(t—1)i’+?f = t?

So t=x+1
The trajectory equation of the material point is
_(x+1)?
2
3.3. Velocity vector 4s jull gld
Consider a mobile that is located at position M(t) at time t, and it evolves at the point M’ (t+At)

at instant(t+At).

-

v = lim T g

Mt—e)

'_U\’l[f'-.l’

trajectoire
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The average velocity 4w siall 4= udl between the two instants t and t+At is called:
MM MM
Vmoy T A — ¢ At
If the time interval At is very small (At—0), we then refer to it as instantaneous

velocity dpaalll de Hull:

!

N N MM
v = lim v,,,, = lim —
At—0 Y Ats0 At

MM' = MO + OM' = OM' — OM = AOM

So:

3.4. Acceleration vector g jbuil) glad
When velocity varies over time v=f(t), point M is subjected to an acceleration.

M

M AT
@y = lim =Y

At—0 At , .
trajectoire

e The average accelerationbw siel/ & _Ludl is written:
v(t+ At) —v(t) Av(t)
a = =
moy (t+At) —t At

® When the time is very small At — 0 instantaneous acceleration —asll/ & Ll is written

by :
. AOM
a= A%—>0 At

dv(t) d*OM
dt  dt?

=>d=
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4. Expression of velocity and acceleration in different coordinate systems

To solve a problem in physics, we must locate the position of the moving point M in space
OM (t).

The position must be located from a frame of reference (reference), we are required to choose
the appropriate reference to use it according to the problem we want to solve

Generally, we use Cartesian, Polar, Cylindrical or Spherical coordinates
4.1 Cartesian coordinates

Let the frame be R(O,x,y,z) with the unit vectors 7, and k. With X,y and z are the coordinates

of point M which gives its position in space. val

They are also the vector componentsW.

X: abscissa; y: ordinate and z: height .M

m is the projection of point M in the plane (Oxy)

v <

e Vecteur position
OM = xT+ yj + zk

The unit vectors Z,7 et k constitute a basis linked to the axes (Ox), (Oy) and (Oz)

e Velocity vector

( _dx

doM d d d T

. _dOM _dx. dy. dz. dy
V=0 Ta T @ +dtk:><vy_E
_dz

\Vz = 4t

The velocity module is written: |v| = \/vZ + v7 + v2

Note: The magnitude of the velocity, equal to |v|, is called the speed. In S.1. units, v is

expressed in (m/s) or (m.s™2).
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e Acceleration vector:

dv d%x
(g, =22=22
| dt ~ dt?

av  d?oM dv d?
(_i = —_—= = a — _y — _y
dt dt2 y dt dt?
_dv, _ d’z

a —_— = —
z dt dt?

The acceleration module is written:

ld| = /a§+a§,+a§

The unit of acceleration in S.I units is (m/s?) or (m.s?).
4.2. Polar coordinates duxadll cidblaay)

When the motion is in a plane, it's also possible to locate the position of point M using its polar
coordinates (p, 6).

p: polar radius p =|OM| (0< p <R)

0: polar angle 6=(ox, OM) (0< 0 < 2r)

Let's consider point M moving in space, identified by its polar coordinates (p, 6) in the

orthonormal coordinate system (OXY) with unit vectors u,,, ug.

y A
Y X

M

) S ,

0T

i1 i

Uy ) | R
e Position Vector ) XM X

~l

—

The position vector of a material point M in polar coordinates is written: ¥ = OM = pU,

The unit vectors U, is following OM and U, is perpendicular to U, (U, L Uy).

A
Transit relations between cartesian coordinates y X%
and polar coordinates Y M
We project the point M into the plane (Oxy) M P
. AUr i
Ug 3 0 |
Ot _* X
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Xy = |OM|cos@ = pcos6
{yM = |0M|sin6 = psiné
OM = xy1 + yy] = OMjcart = pcos6i + psin6;
OM /pol = pU, and OMjcart = p(cosOT1 + sinby)
By identification:  u, = cos61 + sinbj
Rule: Note: The derivative of a unit vector with respect to an angle is a unit vector

perpendicular to the angle in the positive direction.
< gall al.m’}’\gﬁ#i‘i\ KPR $a5as Baa g plad (A aggl 3 ‘_’l}wgs.}a‘g &MM

The vector ug L u, in the direction of 6 which corresponds to the direct direction therefore

TP
6~ ae

S0 uy = —sinfi + cosodj

By projecting the unit vectors we will have the same results

Ay
YO o
i e} w
N
x(Uy) O > x(U)) X

u; = x(W)T+ y@,)j=u; = |[u;|cosbi + [u/|sin6f

with |u,/| = 1 since it is a unit vector therefore u, = 1cos671 + 1sin6y
ug = x(ug)T + y(ug)J = ug = —|uglsinbi + [ug|cosdf

with [ug| = 1 since it is a unit vector therefore ug = —sinO1 + cos0y

To write the unit vectors w, and uy as a function of 7and j we use the passage table

U J
u, cos0 sind
Ug - sin@ cosb
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1= cos 0u, — sinBu, and J = sin Ou, + cosOug
Example :
Write the vector 4 = 2x7 + yj

{x = p cosO {T = cos Ou, — sinbuy
y = p sinf ] = sin Ou, + cosOug

So A = 2 p cos8 (cos 0, — sinbug) + p sind (sin 6%, + cosOug)

= A =2 p cos?0u; — 2p(cos 0sin®)ug + p sin?6 u, + p(sin O cosO)ug

4

= A= p (2c0s?6 + sin?0)u, — p(cos Osin®)uy

= A= (pcos?6 + 1)u, — p(cos Osind)u,
e Velocity vector

dOM dp . dU,

U= =—U,+
Tdr dt TP ar
4l _ abydo _ dUy do
We have: dt — dt d6  df dt
Y 17/ dly _ dé 7 - _ dOM _ dp 5 a6 =
With - = Uy donc - —dtUQ SO V=—- _dtUT+pdtU9

=¥ =pU, + p0-Uywith p = —andH—Zf

e Acceleration vector

e_d_ﬁ_dzm 2p= | dpdUr  dpdf 5 dze de dUg
A=T " aez dt2U+dtdt+dtdtU9+p U9+pdt dt
R dzpl7 +dp deﬁ dp dHU, dZHU, (d@)zﬁ
>d4=— - av
= Ut drde arar TP gz e TP \g) U
With : = l_fget dU9 =—U,

So: d=pU, +2p0Ug + p6-Up — p(6)2T,
4.3. Cylindrical Coordinates 4 ghaul) cildiaay)

If the spatial trajectory involves p and z playing a specific role in determining the position

vector (W); for example, the movement of air molecules in a whirlwind; it is preferable to use
cylindrical coordinates (p, 0, z). With:

p: polar radius
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0: polar angle
z: altitude or height

p=|0m|, 0<p<R
and 16 = ((ox),0m),0 < 6 < 21

z=2zy, 0<z<H

Where m is the projection of point M onto the plane (Oxy), and R is the radius of the cylinder,
and H is the height of the cylinder.
If we add the 'z' component to polar coordinates in space, we obtain what is known as cylindrical
coordinates. Consider R(Oxyz) and a point M belonging to a cylinder.

Point M is identified by three coordinates p, 6 (polar coordinates), and z.

Z4

k 4

e Position vector

The position vector in cylindrical coordinates (p, 6, z) in the orthonormal frame

R'(0,u,, ug, u,) is written:

7 = OM = Om + mM (Relation de Charles)
Oom = pu, (Coordonnées polaires) =>7=0M = pu, + zu;,
mM = zu, (hauteur du cylindre)
e Unit vectors

The unit vectors l_fp is following om (m is the projection of the point M on the plane (Oxy))

and l_])g is perpendicular to l7r and Om in the direction of 0 (_ﬁp 1 _179) and ﬁz is following
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(0z), (U, Il k) and it is perpendicular to the plane formed by the two other unit vectors (U, and

U,).

Transit relations between cylindrical coordinates and Cartesian coordinates:

By projecting the point m onto the axes (Ox) and (Oy) (like polar coordinates) z is the height

X = p cosB
y=psinb
z=12
oM Cylin=0m+m—1\/1)=pu_p’+zu_z’

M/cart = x4 y] + zk
OM/cart = p (cosO T+ sin 0 )) + zk

By identification

I{ u, =cosfi+sinfj

— du—ﬁ; . 9 —>+ 9 -
ug—de =—sinft+cosfj
\ u =k
. X
Using the passage table :
U J k
u, CosH Sing 0
Ug - sin@ Cosb 0
u, 0 0 1
T = cos Bu, — sinBugy
J=sin 0w, + cosbus; and k=1,
e Velocity vector
ity in thi is Wri L dOM _dp avy | dz i au,
The velocity in this case is written by: v = prallon U-+p = T U, +z ”

dU, dU,do _dU,do

dt  dt d6 do dt
au;
deo

au,
dt

U,
dt

With: = l_fg S0 = %L_fe and =0
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e Acceleration vector

> _dv _d?0M _d’p | dpdUr  dpdf a6 = d6dle , d’z5 | dzdU,
a=2~ ac _dtZUr-I_dt dt +dtdtU9+pdt2U9+pdt dt +dt2UZ+dt dt
) dzp(_j +dpd9L_i erpdel7 N dzeﬁ <d9>zl7 +dzzﬁ
>aqd = —— _— —_ —_— — N R
dez T arde O T ardr 0 TP gz e TP \ar) Yt T ae e
L adl, _ = dly _ = v, _ =
With : - —Ug,de = —U, and o =0

= d=p-U,+2p6Uy+ p0-Ug — p(6)2U, + z-U,

4.4. Spherical coordinates 4 s </ <lila Y/
When the point O and the distance r separating M and O play a characteristic role, the use of

spherical coordinates (r,0,¢) are the best suited in the orthonormed base (u;, ug, ) with:

r=|W|, 0< r<R
9=((0x),0—m)) 0< 6<2m

k(pz((oz),m)0< p<Tm

With m is the projection of M in the plane (Oxy).
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e Position Vector :

The position vector in spherical coordinates (r,0,9) is writtenas: ¥ = OM = rU,

e The unit vectors

The unit vectors U, is following OM and U,, is perpendicular to U, and OM in the direction

of ¢ (U, L U,) and Uy is perpendicular to Om (Ug L Om).

Transit relations between spherical coordinates and Cartesian coordinates

By projecting m onto the axes (Ox) and (Oy)

x = [Om| cos6 M
y = |om| sin6 0
z = |mM]| r

By taking the right triangle (OmM):

We have Om=r sing and mM=r cose, replacingthem m O

in passing relationships we will have:

X =71 sing cosO
y =r1sing sinf
Z=T1CoS¢Q

4.5. Intrinsic coordinates (Frenet frame) 4ziaial 4 ,all cibifaal
We used to work in a fixed frame, but in this case, we study the motion in a moving frame that

travels with the moving point "M". This frame is the Frenet frame.

We study the motion in the Frenet frame:

The Frenet frame is a two-dimensional reference frame.
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- 4 is the unit vector along the tangent to the trajectory.
- 11 is the unit vector normal to the trajectory and perpendicular to u, directed towards the center
of curvature.

- The position remains unchanged (the frame moves with point M).

—

- The velocity vector is tangent to the trajectory, and it is written as: ¥ = |v|u

- The acceleration vector :

-

dv dlﬁlu d|v|

A== ar " ar it I_
di _dido__ 0. _dd - df
dt " dp ar - mewith i=ggandw =
The acceleration vector is written by: a@ = a;u + ayn
So: d =% + |v]. 7. w

dt

(the perimeter of a circle (5.4 4hss)l = 27R, for the length of a segment (w58 Jsb)
x = 6R ; from angular velocity to linear velocity by % = R‘;—f = v = Rw)

Hence:

w = % with R is the radius of the curvature of the trajectory.

L d
So a=— sl +—
dt

The normal acceleration (<bull ¢ sLuill) and tangential acceleration (wslesl! g luill) are written

d|z|
ar =
by : w2
ld| = /a§+ay= fa,z\,+a%
Note :

e R —oo : sothetrajectoryisaline.

e R s constant: so the trajectory is circular.
5. Study of some movements

5.1. Rectilinear motion 4zbai 4s ja

We have linear motion if the trajectory is a straight line.
We choose a point O as the origin on the trajectory and a unit vector 7 .

The position of the mobile M, as a function of time, is identified by its abscissa:
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x(t) = OM(t).

The position vector will be:ﬁ = 0OM(t) = x(t)T

5.1.1. Uniform rectilinear motion 4ekiis 4aiiue 4< o URM

We have uniform rectilinear motion if the trajectory is a straight line and the velocity vector is

—_—

constant. This is a motion with zero acceleration a(t) = 0.

The initial conditions to t=0 ; Xx=Xo.
e The velocity

d'l? v t
a=—=0:>f dv=f0.dt=cte
dt v 0
0

So v=vo=cte
e The position
dx

X t
v=—=v0:>j- dxzf vod t = [vot]h = vt
dt %o 0
So : x=vot+xo This is the hourly equation of the motion. URM

5.1.2. Uniformly varied rectilinear motion sty § sis daiivws 48 2 UVRM

One has a uniformly varied rectilinear movement if the trajectory is a straight and the

acceleration is constant.
The initial conditions to t=0 ; v=vgand X=xg

e The velocity

So v=ap t+Vvo
e The position
dx

X t 1
v=—=aqyt+ v, :>f dxzf (a0t+v0)dt=[—a0t2+vot]
dt Xo 0 2 0

t

1
Sox = 2 agtZ + vot + X this is the hourly equation of the motion UVRM
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5.2. Circular motion 4 xa 4< a

Circular motion is plane motion with constant radius of curvature p=R. The trajectory of the
moving object is a circle of radius R .

YA

e The position
The moving point travels from point | to point M, thus the trajectory forms an arcIM.

By considering an elementary displacement of the moving point from point | to point m, we

would have a displacement in the form of an elementary arc Im.
In the right triangle Olm, Im=R sin@

In the right triangle. If 6 is so small thensing = 6.

So Im=R.0
e The speed
, o dm_ o do
dt dt
R is constant, the speed is following the trajectory, so it is written ¥ = vl so the vector U would

be following the tangent.

de

= 0' = w is the angular velocity 45/ 34 4s )

do
Vv=R—=R.0 =R w
dt

Note: The relationship between linear velocity and angular velocity is: v = Rw

e The acceleration

dv dv 4 du
dt  dt Ve
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dii _ dide with i =
dt ~ de dt e

(with(u, ) the unit vectors in the Fresnet farme and Z—Z = w)

5.2.1. Uniforme circular motionaakiia 4, yila 4 ;2

In this case the angular velocity o is constant and therefore the linear velocity v is also constant,
thena; = 0.

N

— v

The acceleration in this case is :a = ay = ?ﬁ

5.2.2. Uniformly variable circular motion — aUaiily 3 yita 43,3 48 58

In this case the angular velocity o is not constant and therefore the velocity v is not constant

also, then @ = a;u + ayfi.

2

dv - v° S —
—U+—n=R—1u+ Rw*n
R dt

The acceleration in this case is: @ = ”

5.3. Sinusoidal or harmonic motion 4z 4 s
The movement is called sinusoidal or harmonic if its evolution over time is written by the
equation: x(t) = Asin(wt + @)

2

A: amplitude, o: angular frequency, and ¢: phase. w = ?ﬂ = 2nf

T: period and f: frequency

e The speed
dx(t)
v(t) = ——= = Aw cos(wt + ¢)
e The acceleration
dv(t) dzx(t) 5 . dzx(t) ,
a(t) = - ae - —A w?sin(wt + @) = a(t) = T = x(t)

Note:
Another type of movement which is relative movement will be detailed in the
next chapter.
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