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Chaptre IV : Relative motion

1. Introduction

State of motion or state of rest are two essentially relative notions, meaning that each
of the two states depends on the position of the moving body relative to the body taken
as reference frame. All the motions we have studied so far have been in a Galilean
frame of reference, i.e. at rest or in uniform rectilinear motion. When two observers
linked to two different reference frames are in motion relative to each other, the
position, trajectory, velocity and acceleration of the same moving body vary according
to the reference frame chosen by the observer.

A bus passenger, for example, is in motion relative to an observer seated on the side of
the road, whereas he is at rest relative to another observer (a passenger lending the
same bus). Clearly, then, the notion of motion or rest is intimately linked to the
position of the observer.

To say observer is to say to choose a frame of reference to determine the position,

velocity and acceleration of a moving object at each instant.

2. Composition of movements

Let R (O, X, Y, z) be a fixed or absolute (Galilean) frame of reference and R' (O, X', Y/,
z') a moving or relative (non-Galilean) frame of reference relative to (R).

It's always useful to know how to determine the position, velocity and acceleration of a
material point M in a fixed reference frame if they are known in the other relative

reference frame and vice-versa.
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Chaptre IV : Relative motion

Let's associate to the reference frame R (called absolute reference frame) the
reference frame R (O,7, 7,75) and to the reference frame R' (called relative reference

frame) the reference frame R’ (O ’,l_;, 7,?).

If M is a movable point in space, defined by coordinates (X, y, z) in the fixed reference
frame (R) and by (X', y', Z') in the movable reference frame (R").

We will call:

Relative motion: the motion of M relative to (R').

Absolute motion: the motion of M relative to (R).

Entrainment motion: the motion of the moving frame of reference (R') relative to the

fixed frame of reference (R).

2.1. Velocity composition
If we know the relative motion, i.e. the motion of the material point considered in the
moving frame of reference (relative frame of reference) and that of the moving frame

of reference relative to the fixed frame of reference (fixed frame of reference).

We have: OM = 00" + 0'M = 007 + (x'V + y'J + z'k")

With : OM = (x7 + yj + zk) in the fixed reference frame R.
EtO'M = (x’? +y7 + z’?) in the moving reference frame R'.

- dOM _dxs dy-s  dzyp

The velocity isthen: v = —1i+—jJ+—k
dt dt dt dt
doM _doo’ do'M
dt ~ dt dt
dxi Ty dyrr | daryd door ., dv ydy’ o dkE
=l t )kt Yy et 2 SV, = U+ T,
Avec :
( . dOM dx dy%_l_d i (M) R
Ve =gt “ 't ar’ d v(M)/(R)

dx' - dy' - dz'— _
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Chaptre IV : Relative motion

v, represents absolute velocity, the derivative of OM with respect to time in the fixed

reference frame.

v, is the relative speed, i.e. the derivative of O'M with respect to time in the moving

reference frame.

v, is training velocity, this is the derivative of OM with respect to time in the fixed
reference frame, considering the moving point M fixed in the moving reference frame
(xX'y' and z' are constant). It also represents the velocity of the moving frame of
reference relative to the fixed frame.

The law of velocity composition is given by:

v, =7, + 7V,
Note :
1. When the training motion is translational, the vectors (7, fand ?) remain parallel

to the unit vectors (7, 7 and k) of the fixed reference frame.

v dj  dkr = — door
So —”:—]':—':Oandve:(dt')/R

dt dt dt

2. If the moving frame of reference (R') rotates relative to the fixed frame of reference

(R), the training velocity can also be written as:

. dOO’
Vp, = 7 + wAO M

With @ represents the rotational velocity of R’/R.

y L, = —, _ door
3. In the case of translational motion & = 0 then 7, = —.

2.2. Composition of acceleration

Acceleration is the derivative of velocity with respect to time :

dv  d?0M _ d’x LBy dzs

—>=_ k
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d (dy -\ d?y'_ dy'dj
de \ dt dt dt dt
d (dz —\ d? '_;+dz'dﬁ
de \ dt T dt? dt dt
and
d(  dv _dx'd7+ a2’
ac\* ar) T dr dr dt2
d( dj _dy'd7+ d?y
act\Y ar) " ac dac 7 dee
d(,dk’\ dz'dk  d’K
a\ aw) T wat ae
s A & ’—;+dzz’?+dzw+ ,d27+ ,d27+ ,d2k’
=t Tae) T dez X aez VY qer T e
dy' dj’ . dz' dk’
dt dt = dt dt
with

e = a2 T dt? Ty dt? tz dt?
_, d*00’ d@
=80 =—5 + GA(@AO'M M)+—A0M

= _ 5 dx’ dv N dy' d]’ N dz' dk’
G = “\ar dc T ar dt T dt de

= a, = 2(wAv;) /R’

Then the law of composition of the acceleration will be :

a,=a,+a;+a,

dx' di

dt dt
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Chaptre IV : Relative motion

a, is the absolute acceleration representing the second derivative of OM with respect
to time in the fixed reference frame. This is the acceleration of M in the fixed frame of

reference. par rapport au temps dans le repére fixe.

a, is the relative acceleration representing the second derivative of 0'M with respect
to time in the moving frame of reference. This is the acceleration of M in the moving
frame of reference.

a, is the training acceleration, which represents the acceleration of the motion of the
moving frame relative to the fixed frame. This is the acceleration of the moving frame
R' relative to the fixed frame R.

a, is the Coriolis or complementary acceleration (it has no physical meaning).

Note:

If the moving frame of reference (R') rotates relative to the fixed frame of reference

(R), the drive speed can also be written as:

_,_(do0’ -~
Ve = 7 /R+(O)A0 M)/R
Training acceleration by:
_, _ (a2o0’ dB =78 11 | (= A= A AT /D >
a, = ( — )/R + (5, AO'M) /R’ + (@AGAO'M) /R

and the Coriolis acceleration by:
ac = 2.(3Av) /R

With @ represents the rotational speed of R’/R.

Special cases:
1. When the training motion is translational, the vectors 7, f’et_k7 remain parallel to

the unit vectors (7, J et k) of the fixed reference frame.

av  dj  dkr = - =
So E==""_—0and w=0
dt dat dt

— door —, d?oo’
Then v, = 7, a, = < 1e2

) and @, = 0.

—_—

door
dt

2. If R has a uniform rectilinear motion then @ = 0, a_ = 0 , —— = cst and

d2o00’

—> =050 a, = 0 because v, = cst.
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3. If R’ has a pure rotation about R (R' and R have the same origin), so we have:

azoo’ = dooi _ = — TN o
—7 =0 and = 0 then v, = (wWAO'M)/R

And @ = (C2A0'M)/R' + (BAGNO'M) /R

Application exercise:

The coordinates of a moving particle in the reference frame (R) provided with the
reference frame (0,?,’]_,’ E) are given as a function of time by:

x=2t3+1, y=4t>+t—1, z = t?
In a second frame of reference (R') with the reference frame (0',v, )", I?) with 7=
U7=7,k =K are given by:
x' = 2t3, y' =4t -3t + 2, z'=t?>-5

1- Express the velocity v of M in (R) as a function of its velocity v' in (R'), and
proceed in the same way for the accelerations.

2- Define the training motion of (R’) relative to (R).

Corrected:
. x=2t3+1 x' = 2t3
OM/(R)jy =4t>+t—1 and O'M(R") iy’ = 4t?> -3t +2
z = t? z'=t*-5

1. The speed of point M in the fixed reference frame (R) and the moving reference
frame (R").

Y’ A
( dx
— = 6t?
| e y 1t
I d0M<dy
V=7V, =—>K 2L — .
a dt dt 8t+1 ]'“
dz_2 — >
& dt_ t O ! X
X _ 62 7 _
dt > >
. . X
7=v—’=d0””{@=8t—3 O i
r dt dt
dzr!
k E—Zt
So:

D= 6t27 +(8t + 1)J + 2tk and v’ = 627 +(8t — 3)] + 2tk
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Wehave : v, =0, + v, =27, =7, — 1,
To=(6t27 +(8t + 1)] + 2tk) — (6t27 +(8t — 3)] + 2tk)=4]

S0V =B +4f

2. The acceleration of point M in the two reference frames, fixed (R) and moving (R'),
Is as follows:

(dv,
=12t
| at
g-ar=2]dy_g
St dt| de
dv,
=2
\dt
(o= 120
And d=m=] @_g
tl dt
kdv’2=2
dt

> _/) —_—__—
Soa=a or a;=a,
Conclusion:

The motion of frame of reference (R') relative to the fixed frame of reference (R) is a

uniform translational motion along axis Oy with a constant speed of 4m/s.
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