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Exercise 1
(1) Let P, Q and R be propositions. Show that
[(PAD) = R] = [Pv (Q = R)]
using :
(i) The truth table.
(it) The definition of an implication, its negation, De Morgane’s laws and the properties of logical

connectors.
(2) Using the truth table, show that the following implication is always true :

[(Pz Q)/\(Fz Q)] = Q0
Application : Let n € N*, show that :
(i) n(n+1)is even

Exercise 2 (Connectors NAND (NOT AND) and NOR (NOT 0R>>
For two propositions P and O, we define the connectors NAND (NOT AND) and NOR (NOT OR) by

PNANDQ &P T Q<= PArQandPNORQ < P 4 Q<= PvO

(1) Draw up the truth tables of the two connectors NAND and NOR.

(2) Determine PTP,P{ P,PTQOand Pl O

(3) Express P,Pv O,P A Q and P = Q using connectors NAND T et NOR {.

Remark : The connectors NAND T and NOR | are important in computing and electronics.
Exercise 3

(I) Give the negation and the truth value of the following propositions (predicates):

Pi:3xeRx2-2=0 P,Vx e R*,IneN:n>x

Q1:VneN,”2;leN 0, : 3x € [0,7],cosx +sinx = 1

Ri:VxeR3IyeR:p»»=x Ry:dxeRVyeR:y*=x
(1I) Using quantifiers and mathematical symbols, write the following expressions:
(1) For any real number x, there exists a naturel number » such that, x is less than ».
(2) For all real number x, there exists a relative integer », such that x is greater than or equal to » and
less than n plus 1.
(3) Between two real numbers, there exists at least one rational number.
(4) Some real numbers are greater than or equal to their square.
(5) (supp)The cube of any real number is positive.

(6) (supp)There exists a unique natural number less than all others natural numbers.
(7) (supp)There exists a non-zero natural number that divides every non-zero relative integer.
(8) (supp)The equation x? - 2 = 0 admits at least one rational solution.




Exercise 4
(I) (Direct reasoning) Prove the following assertions :

(HVx eR,x—1|<x>—x+1

B)vx e R*, 1+1ﬁ =1-/x =>x=0
(II) (Contrapositive and contradiction)
(1) Show that Vx € R, (x = -5andx = -8) = +§ # 2.
(2) Show that: Vx,y e Rx zy = (x+ 1)(y—1) = (x— Dy + 1).
Exercise 5

For n € N*. Consider the statement : If n2 — 1 is not a multiple of 4, then n is even.
(1) Write this statement in the form of an implication P = Q.

(2) Write the contrapositive and converse of this implication P = Q.

(3) Show the implication P = Q by contraposition.

(4) Is the converse of the implication P = Q true?

Exercise 6

For n € N, we consider the proposition
A : n’iseven = niseven.

(1) Write the negation of the proposition A4.

(2) Write the contrapositive of the proposition 4.

(3) Show that proposition 4 is true.

(4) Show by contradiction that ¥2 is irrational number.
Exercise 7 (Proof by induction)

(1) Letx > 0. Show by induction that : vV n € N*, (1 +x)" > 1 +n.x (Bernoulli inequality)

Lo, 1,1 1

(2) Vn e N*, we consider the sum S, Z k(k+ 0 =127323 3.8 TnmiD

(i) Calculate S, S>, S5 and S4.
(if) Propose or conjecture a formula in = for S,. (iii) Prove this formula by induction.

(3) (supp)Letxl,xz, X, € |:0 1:|
Show by induction that : V n > 1, H(l —xp) > 1- Zxk

k=1 k=1
Indication :
n+1 n n n+1
H(l —Xp) = H(l —xi)+ (1 —xn+1)2xk +Xp41 = Zxk
k=1 k=1 k=1 k=1

Exercise 8 (different types of reasoning for an obvious statement)

Suggest the following statement various demonstrations : P(n) : Vn € N, the integer 5" + 1 is even.
(i) Proof by induction (ii) Proof by contradiction (iii) Using a remarkable identity to factor 5" — 1

(iv) Using a method distinct from the previous three.



Supplementary exercises
Exercise 1

(1) Using the truth table, which of the following three propositions are equivalent?
[(PvQO)=R]L[(P=RVv(Q=R]and[(P = R)A(Q = R)].
(2) (i) Using the truth table, show that the following implication is always true :

[(P=O)A(R=0)]=[PVR)= (]
(if) Deduce that

[(Pz Q)/\(Fz Q)] = Q0
(iii) Application: Let n € N*, show that:

nn+1)n+2) o N
3

(3) Show that the following implications : (4) (P A Q) = O and (B) (P A Q) = Q are both true if
and only if P is false.
(4) Is the following proposition true? (P A Q) = (Pv Q)
(5) Are the following propositions tautologies?

[(P=0)AP]=Q and (PVP)vO = (PAP)AQO
Exercise 2 (The exclusive OR (XOR) denoted ®)
For two propositions 4 and B, we define the exclusive OR (XOR) denoted @ :by 4 @ Bis true if 4 is
true or B is true and not both true at the same time.
- Show that :

A®B < (AAB)v (ZAB) = AVvB)A (ZvF)
A®DB—=B®A ADF =4 A®A = F

where 4,B,C and F are propositions with F'is false.
Exercise 3
Show that :
() Va,be R,a>+b*=1= la+b| <2
Q)Vx e R x+4L 22 .3 Vry e R 21+ )2+l =2=x=y=0
(4) Solve the following equation in R : x> +1 = 2x.
Exercise 4
Show that the following propositions are false.
(i) Vx € [0,1], x2 2 x (i) Vx,y € Rx>+y> > x+y (iii) Va,b € R,Ja>*+b*> =a+b
(iv) The function fdefined on R by : f(x) = x? + 2x, is neither even nor odd.
(v) V n e N, the integer n?> + n+ 11 is prime.

Exercise 5
Show by induction that
(HVneN, n?<3" (Indication :Vn>2, n*>2nandn? > 1).

sov 1 _ 1 1 1 1 1
(Z)VI’ZEN,/;?—F+?+3—2.+...+?32—7.



Exercise 6
Consider the following propositions:

P:Vx e RV, Jx2+1 +x >0,
O:Vx e R*,Jyx?+1 +x > 0and
R:Vx e R Jyx?+1 +x>0

(1) Show by direct reasoning that P is true.
(2) Write the negation of the proposition Q.
(3)Show by the contradiction that Q is true.
(4) Deduce that R is true.

Exercise 7

(1) (1) Recall the sum i k.

k=1
(2) Verify : 2n* + Tn + 6 = (n +2)(2n + 3).
(3) Show by induction that Vrn € N* :

nn+1)2n+1)
5 .

Sp= Dk =12+22432 4. 4n? =
k=1

(4) Deduce the sum i k(k+1).
k=1

(1I) Show by induction that : Vi € N, 4" + 6n — 1 is divisible by 9.
Exercice 8

Forn € N*, we consider the sum

Sw=Y k(k+1) = 1.2+2.3+3.4+...+n(n+1).
k=1
(1) Calculate S, S, et Ss .
(2) Prove by induction that Vn € N* :
n(n+1)n+2)

Sn: 3

(3) Deduce the sum > k2.
k=1
(Indication : ik = n(n2+ D and dlak+by) =D ar+ Zbk).
k=1 k=1 k=1

k=1

Exercise 9

Letn e N*.
(1) By a direct proof, show that :

n is a multiple of 3 = #3 is a multiple of 3.
(2) Using the contrapositive, show that :

n3 is a multiple of 3 = #n is a multiple of 3.
(3) Show by contadiction that /3 is a irrational number .



