Abou Bekr Belkaid University - Tlemcen Academic year: 2024 - 2025

Faculty of Sciences Module: Algebra 1
Department of Mathematics L1 Math+Mi
égj%a
Rleat
0

Tutorial sheet N°2 : Sets and maps

Exercise 1

(1) Write the following sets in extension:
A= {n eZ\—%<n—l<2ﬁ}andB={ze(€: 2 =1=0}.

(2) Write the following sets in comprehension:

L I o)L I ST
(3) Let E = {1,2,3} < N. Find P(E) the set of power of E.

(4) Let 4,B and C be parts of P(E) given by :

A={XePE): 1eXp,B={XePE):2¢Xp, C={XePE): 1¢Xand3 e X}.
- Give the sets 4, B and C in extension.

(5) Find

AN B, A\B, Bu C, and C = Cpz)(C), the complement of C relative to P(E).

Exercise 2

+ lat 1.1 1
Forn € N*, let's pose 4, = }n+1, - }
(i) Show that the family of sets {4,,n € N* } is a recovery of the interval 10, 1].

(ii) Deduce that {4,,n € N* } is a partition of ]0,1].
Exercise 3

Let 4,B, and C be three parts of a set E. Show that :

(H)[AnB=AnCandAUB=4UC]=B=C

2)ANnB=AUB = A =B, using:

(i) Direct proof.

(if) The contrapositive.
B)Supp)AUB=ANnC <= BcAcC.

Exercise 4 (Homework)
We consider the two sets E and F defined by :
— . X — . —
E={xeR: |1—§| < l}andF— {xeR:3reR" x=r+2).

(1) Write E as an interval [a, b].
(2) Show that F = [2,+o0].
B)FINdENF, EUF, ENF, F\E , FAE et Cr+(E), the complement of E relative to R*.



Exercise 5

Let D»4 denote the set of divisors of 24. Consider the two sets £ and F defined by :
E={neDy:niseven} and F = {n e N\nisprimeand n < 9} U {1,10}.

Let f: E — F be a map defined by its graph G = {(2,3),(4,5),(6,1),(8,5),(12,7),(24,10)}.
(1) Check that /" is indeed a map.

(2) Isf injective (one-to-one) ? surjective (onto)?

(3) Determine £(6),/({6}).f ({n € E\n divides 8 }) and f(E).

(4) Determine /~'(1),/ ' ({1, /' ({51).f ! ({n e M nisprimeandn <9 }) and f~'(F).

Exercise 6
Let's note by J = ]1,+x[. Let fand g : J— J be two maps defined by :
A1)
-1/

_ 2 _
Vx e J, fix)y=1+ 751 andg(x)—(

(1) Determine £ ([2,4]) and g '({9}).

(2) Show that " is a bijection from J into J and determine its inverse map.
(3) Check that : Vx e J, g(x) = (ix))>.

(4) Deduce that g is a bijection from J into J and determine its inverse map.

Exercise 7
Let’s note by U = ]0,+x[ x ]0,+[ and Let f: U — U be a map defined by :
fry) = (0. %)
(1) Show that f'is injective (one-to-one)? (We can pose f = %)
(2) Is f'surjective (onto)? If yes, determine .
Exercise 8 (Homework)

Let f'and g be two maps defined by :

f:R\{3} — R/{4}and g: R/{4} — R\{3}
4x+1 v IX+1
x-3 x—4

X —

(1) Show that vy € R\{4}, 3yy_+41 £33,

(2) Find for x e R\{1, 3} the image of 3x by fand for x € R\{-2, 2, 4} the image of x* by g.
(3) Determine the preimages y = 1 by fand by g.

(4) Determine fog and go f.

(5) Show that £ is injective (one-to-one).

(6) Is f surjective (onto)?

(7) Is 1 bijective? If yes, determine /1.



SUPPLEMENTARY EXERCISES

Exercise 1

Let4 = {(x,y) € R\x?+y> < 1} be a set.

(1) Do the pairs (1,0) and (0, 1) belong to 4?

(2) Show that 4 can not be the cartesian product of two parts of R.
Indication : By contradiction and notice that (1,1) ¢ 4.

Exercise 2

Consider the following two sets :
A= {xe R\I ¢ e [0, 1:| :x=t+2}and

B = xeﬂ&\|x—%|£%}.

(1) Write the set B as an interval [a, b ].
(2) Show that 4 = B.

Exercise 3

Let 4,B, and C be three parts of a set £. Show that :
(1) (A\B)\C = A(BuU C)
(2) Ce(AnB) = Ce(4) v Cg(B)
B3)AAB=ANB <= A=B=J

Exercise 4

(1) Consider the following sets:

A= {gl’;—t?n e N} and B = {%Z—j‘l‘n e N}.

(i)DoeSgieA?%eA?%eB?%eB?

(if) Show that % is a common element between sets 4 and B.

(2) Let C = {% + %,k € Z} and D = {% + %,k € Z}, be two sets.
-Showthat4A N B = &.
Exercise 5

Consider the two parts of R?, £ = [0,1] and F = [0,2]
(1)Draw Ex Fand Ex E .
(2)Let f: E —- Fandg : F — E be two maps.
x—2-x x— (x—1)°
(3) Specify go fand fog. Dowe have gof =fogandgof =g?
(4) Determine /1({0}) and g! GO% D
(5) Show that : g o " is bijective and specify (go ).
Exercise 6

Let f: R — R be a map defined by : fix) = %
X

(1) Determine f'(2) andf(%). f is itinjective (one-to-one)?
(2) Solve in R : f(x) = 2. fis it surjective (onto)? Show that £ (R) = [-1,1].

(3) Show that the application g defined on [-1,1]in [-1,1] by: f(x) = g(x) is bijective and determine
its inverse g!.



Exercise 7
Let/: R — R* be a map defined by :
Vx € R, fix) = L

(1) Determine f ({x € R\x? = 4}), f(R*) and ' ({y e R*\|y| = 1}).
(2) Is finjective? surjective? bijective?
(3) Let g = fr+ : R* — Jwhere J = f(R"), the restriction of fon R*.
- Show that g is bijective and determine g~'.
Exercise 8
We define the maps /: R — R*and g: R* — [2,+x[ by :
Vx € R, fix) = l+m
Vx € R*, g(x) = l+m

(1) Find f ({x e R\x2+x—a(a+1) = 0, where a € R*™}) and /! ({y € R1\2ly| = 1}).
(2) Is f injective? surjective? bijective?
(3) Show that g is bijective and determine g~'.

Exercice 9

Leth :R* — [%,+OO|: be a map defined by : Vx € R, A(x) = x+ /x + %
2

(1) Check that : Vx e R*, h(x) = (ﬁ + %) .

(2) Write the application # as the composite of twomaps fandg: h = gof.

(3) Show that f'is a bijection and determine its inverse map.

(4) Show that g is a bijection and determine its inverse map.

(5) Deduce that 7 is a bijection of R*in [i +oo|:, and determine its inverse map.

4’
Exercise 10
Let /:R* - Rand g : R** — R\{1} be two maps.
1 1
X'—>1—x—2 xl—>1—x—2

(1) Determine f{{-1,1})and /' ({1}).
(2) Is 1 injective? Surjective?
(3) Show that the map g is bijective and determine g~!.

Exercise 11

(I) Letf: R — R be a map defined by : f{x) = | —
J1+x?

(1) Determine / ({x € R\|x| = 1}) and /' ({y € R\}* = 8}).

(2) Is f injective (one-to-one)? surjective (onto)? bijective?

3) Determine / ([ 1,3 1),/ (]-¥3.-1]), 7 ([-1.2VZ[ ), f®*), /0, 1]) andf‘l([%,lD.
() Let g = f- : R* — Jwhere J = f(R*). ( g s the restriction of fon R*).

(1) Show that g is bijective and determine g~'.

(2) Determine g! (%) by two methods.

(3) Calculate go g7 '(y) fory € Jand g7! o g(x) forx € R*.




