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Direct proof

Disjunction of cases
Contraposition
Contradiction

By giving a counter example
Successive equivalences

Induction.



Introduction

@ In mathematics, proving statements is fundamental.

@ Different methods are used to establish the truth of mathematical
statements.

@ Here are some common methods of proofs :




@ A direct proof demonstrates the truth of a proposition by a
straightforward chain of logical deductions.

@ We want to show that the proposition «P =— @ » is true.

@ We assume that P is true and we show that then Q@ is true.

@ This is the method you are most familiar with.




Example 1

Let n be a natural number.

Show that :  nis even —> n? is even.
nis even —> 4 k € IN such that n = 2k
We have n® = (2k)* = 2 (2k?) = 2/ with | = 2k* € N,

And consequently n? is even.



Example 2

Xty

@ Show that : x,y € |-1,1[ = T

c|-1,1[.
@ We have

nE]-1 1= -l<a<l<=la|<l<=a?<1<=0a’-1<0
o Let x,y € ]—1,1J.

X+y 2_1_ (x+y)° = (1+x9)* x4y —1—x%7
1+ xy

(1+ xy)° (1+ xy)°
_X2—1—|—y2 (1—X2) B (X2—1) (1—y2) <0
(1+ xy)? (1+ xy)?

@ because x,y € |-1,1[,and x> <1, y* < 1

Xty 2 Xty 2
@ then —1<0 = <1—=
1+ 1+ xy

Xty
1+ xy

2
e Finally : <X—|—y) - 1< 0= Xty c]—-1,1].

1+ xy 1+ xy




Disjunction of cases

o If we want to check a proposition P(x) for all x in a set E,
@ we show the proposition for the x in a part A of E,

@ then for the x not belonging to A.

@ This is the method of disjunction of cases or case by case.




Example 1

@ Let n € IN. Show that: n(n+1) (n+2) is even.

First case : nis even 14 k € IN such that n = 2k
n(n+1)(n+2) =2k(2k+1) (2k +2) = 2/ with
| = k(2k+1)(2k+2) € N

o therefore n(n+ 1) (n—+2) is even.

Second case : nis odd 3 k € IN such that n =2k +1
n(n+1)(n+2)=(2k+1)(2k+2) (2k + 3)

=2(2k+1) (k+1) (2k +3)

=2/ with | = (2k+1) (k+1) (2k+3) € IN.

@ So, n(n+1)(n+2) is even.
@ Conclusion : Vn € N, n(n+1) (n+2) is even.




Example 2

@ Show that :
Vx €R,|x —2| < x* —3x+3
x—2ifx>2

o We have ]x—2|—{ >y if x < D
)

If x > 2, |x -2 =x—2<x*—3x+3
)

then x> —4x + 5 > 0 it's true because A = —4 < 0

)

If x <2,|x =2 =2—x<x*—3x+3
)

then x> —2x +1 = (x —1)* > 0 it is true.

@ Conclusion :

Vx € R, |[x —2| < x* —3x+3




Contraposition

@ A proof by contrapositive proves an implication P = @ by proving
the equivalent contrapositive statement Q@ = P.

@ Proof by contraposition is based on the following equivalence
(P= Q) <= (Q = P)

@ So, if we want to show the proposition P — @

o We actually show that if Q is true then P is true.




Example 1

Let n € IN.

Show that : n? is even = n is even.

nis odd = 4 k € IN shuch that n = 2k + 1;
We have

N’ = (2k+1)° =4k +4k +1=2(2k> +2k) +1 =2/ +1

with | = 2k? + 2k € IN.

And consequently n? is odd .

Conclusion : n? is even = n is even.



Example 2

@ Let x,y € R.
@ Show that :

X Yy
X;féyandxy7é1:>X2_|_X_|_17é

y2+y+1




Example 2

X Y

éx(y2+y—|—1):y(x2—|—x—l—1)

(+ ) —
x2+x+1 y2+y+1




Contradiction

A proof by contradiction assumes that the statement to be proven is
false and then shows that this assumption leads to a contradiction.

Let R be a proposition. We know that RV R is true.

To show that R is true, we assume that R is false, that is to say R is
true and we show that we obtain a contradiction.

If R is an implication, R= P — Q
We have P—= Q < P A Q

Proof by contradiction to show that P = @ is based on the
following principle :

we assume both that P is true and that @ is false and we look for a
contradiction.

So if P is true then Q must be true and therefore P —> @ is true.




Example 1

o Let show by contradiction that /2 is irrational (not rational) :
e We assume that v/2 € Q.

o \V2¢€ Q — V2 = g with a and b are natural numbers that are

- :
prime to each other. (the fractlongls wreduuble) .

—




Example 2

@ Let a,b > 0.
@ Show that :




Example 2

b
@ Assume that 1—|€ib: 1_|_awitha7éb

__b — a(l+b)=b(1+ a)

o
1+ b 14+ a
—




