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1 Generalities

1.1 Bounded Functions

Definition 1.1 We call a real function of a real variable any function from R
or a subset of R to R.

D
Definition 1.2 Let f: X CR—- R and E q/
1. f is bounded above in E < IM € %/E E: flz) <M.
2. f is bounded below in E < Hmﬂ%Vx eEE: f(x)>m.
3. f is bounded in E < EIM@EIm eERVzeE:m< f(z) < M.

/7
1.2 Monotone C/\bons
Definition 1.3 Let f: E CR — R.

1. f isincreasing in E ifVe,y e E:xz <y = f(zx) < f(y).

. [ is strictly increasing in E ifVe,y e E:xz <y = f(x) < f(y)
. [ is decreasing in E if Ve,y € E:x <y= f(z) > f(y).
f(x) > f(y)

2
3
4. f is strictly decreasing in E ifVex,y € EF:x <y =
5. f is monotonic if it is increasing or decreasing.

6

. f is strictly monotonic if it is strictly increasing or strictly decreasing.

1.3 Periodic Functions
Definition 1.4 Let f : R — R. We say that f is periodic if:

I >0VzeR: f(z+T) = f(a).



1.4 Even-Odd Functions

Definition 1.5 Let f: I — R.
1. We say that f is even if Vo € I : f(—x) = f(x).
2. We say that f is odd if Ve € I : f(—x) = —f(x).

2 Algebraic Operations on Functions

Let ECRandlet f: F—+Randg: E— R

2.1 Sum
We define the sum of two functions f and g as f + g, denoted as:

f+9:E=Raw (f+9)(x)=f(z)+g(x).

2.2 Scalar Product &
Let A € R. The function A - f is defined as: @2

A-f:E%R,xH(A-(%@)):/\-f(m).

2.3 Product Qq/

We define the product of two fup&tions f and g as f - g, denoted as:
f-9:E %\J/lg@*% (f-9)(@) = f(z)-g(z).

9.4 Quotient M

IfVr € E: g(x) # 0, then 5 is defined as:

ch:E—HR,xH(g) (x):chEg.

3 Limit of a Function at a Point

Let f be a function defined on an interval I C R, and let 2o € I. If f(x)
approaches [ as x approaches xg, we denote this as:

lim f(z) =1.

Tr—xT0

3.1 Properties

Proposition 3.1 If the limit of a function at a point exists, then it is unique,
and

T—xT0

( lim f(z) = z) & ($li_>ng}0f(z) = lim f(z) = z).



3.2 Properties
Theorem 3.2 Let f and g be two given functions. Then,

1. If (Ilﬁg fl@) =11 and xlin; g(z) = lz>, then ( lim (f(x)+g(x)) =101+ lg).

r—rxo

2. 17 ( fim o) =t and tim g(o) =12 ). then ( i (7o) g(0)) =112
; _ ; _ : f@) _ L
3. If <xli77$0f(x) =1 and Jl@}og(x) =1y # O), then <mlﬂgﬁ (g(m)) = 2).
4. If lim f(x) =0 and g is a bounded function, then lim f(x)g(xz)=0.
T—To T—To
5. (Squeeze Theorem) Let a € R or a = 400 or a = —00.

If lim f(z) =1 and limg(z) =1 and f < h < g, then limh(z) = L.
6. (Comparison Theorem)

If Em f(z) =400 and g > f, then Emg(x) = +o00.

If Eroléf(x) =—ooand g < f, ti;/@z(x) = —o0.
/

4 Continuity q‘})
Definition 4.1 Let f be a function ed at a point xg.

1. We say that f is right-cqitinyous at o if lim f(z) = f(xo).
’ >
2. We say that f is lefs\cp tinuous at xq if rligclo f(z) = f(zo).

3. We say that f is continuous at xq if

lim f(z)= lim f(x)= lim f(z)= f(zo).

T—xT0 T—TQ T—TQ

4. f is continuous on an interval I C R if it is continuous at every point in
1.
4.1 Operations on Continuous Functions

Let f and g be two functions defined on an interval I, and let a be a real number
in I. If functions f and g are continuous at a, then:

1. A.f is continuous at a (A € R).
2. f+ g is continuous at a (the same applies to subtraction).

3. f- g is continuous at a.



4. f is continuous at a if g(a) # 0 and is undefined at a if g(a) = 0.
)

5. If a function g is continuous at point a and a function f is continuous at
g(a), then f o g is continuous at a.

4.2 Continuity Extension
Let I be an interval, and zg € I. If f is a function defined on T \ {zo}, and

ILm f(z) =1 exists, then the function g defined as
x o

lif £ = xg

is called the continuity extension of f at xy. The function g is then continuous
at xo-.

4.3 Intermediate Value Theorem

Theorem 4.2 If f is a continuous functioz}ﬁ@ wnterval [a,b] with f(a) -

f(b) <0, then there exists « €)a,b| such th = 0. Furthermore, if f is
strictly monotonic on [a,b], then « is um’q%/

4.4 Strictly Monotonic Cé&uous Function

Let I be an interval in R, and e a function defined on I, continuous and
strictly monotonic. In this casc; the following properties hold:

1. f is a bijective fun&\'\op rom I to f(I).

2. The inverse function f~!: f(I) — I is continuous and strictly monotonic,
following the same nature as f (if f is strictly increasing, then f~! is also,
and if f is strictly decreasing, then f~1 is as well).

3. The graphs of f and f~! are symmetric with respect to the first bisector
Yy = .

5 Differentiation

5.1 Definitions

Let f: I — R be a function defined on an interval I C R.

1. We say that f is differentiable at a point zy € [ if and only if the following
limit exists and is finite:

L 1) = (o)

T—To Tr — X

=1, (1)



5.2

and we denote in this case [ = f'(x¢), called the derivative of f at point
Zo-

If we replace x with zg + h in the limit , then as x approaches xg, h
approaches 0, and we obtain:

lim f(xo+h) — f(z0)

h—0 h

= f'(z0).

We say that f is differentiable over I if and only if f is differentiable at
every point in [.

. If f is differentiable over I, we can define a new function called the deriva-

tive, denoted as f’, which, at each point z¢ in I, associates the derivative

(o).

Geometric interpretation: The tangent line to the curve representing f at
a point (zg, f(zo)) has a slope equal to f/(z¢) and can be represented by

the equation:
v=10) = 0) P

f is differ. tgi\?le at xo = [ is continuous at xq.

Derivative Rules

If f and g are two differentiable functions, then the following rules apply:

1.
2.

3.

4.

(f+9) =1 +4.
(f-9)=rfg+fg.
(f)' _f'9—td
g g°
(F2) = af'fot.

We denote, when they exist, f = f©O, f/ = fO 7 = f@& ) =
[f(n—l)]" and f(" is called the n** derivative of f.

If f is differentiable over I and g is differentiable over f(I), then (go f)
is differentiable over I, and we have the derivative rule:

(gof) =f-(dof).



7. If f is strictly monotonic and differentiable over I, then its reciprocal
function f~! is differentiable over f(I), and we have the derivative rule:

(5 =

froft
5.3 Some Theorems

Theorem 5.1 Rolle’s Theorem
Let f be a function that is continuous on [a,b], differentiable on ]a,b[, and such
that f(a) = f(b), then:

Je € Ja,b[; f'(c) = 0.

Theorem 5.2 Mean Value Theorem
Let f be a function that is continuous on [a,b], and differentiable on |a, b, then:

Se € a,bl; f(b) = fa) = F(c)(b—a).

Proposition 5.3 Let f be a function that is contingous on [a,b], and differen-
tiable on ]a,b], then f is increasing (or decreasi T%‘Vand only ’Lf its derivative

1 is positive (or negative). %
Theorem 5.4 L’Hopital’s Rule 4
Let f and g be two functions that are Cw‘/?muous on an interval I C R, except
possibly at the point xg € I. If f = g(zg) = 0 and ¢'(z) # 0 for all
x €I~ {xg}, and if lim L@ N\ then:

r—xo 9 (x)

g@)

5.3.1 Elementary Reciprocal Functions
1. The function

e
x> f(z) = sin(x)

— [-1,1]

is strictly increasing, therefore bijective and has an inverse function de-
noted as arcsin. Hence,

arcsin : [—1,1] — [—E, I}
2°2
x +— f(x) = arcsin(x)
with the property

Vo e [-1,1], (y = arcsin(z) <= x =sin(y) and y € [—g7 g]) .



Also,

arcsin (sin(x)) = z; V€ [fg, g] and sin (arcsin(x)) = x; Vo € [-1,1].

. The function

f:0,7] — [-1,1]
x = f(x) = cos(x)

is strictly decreasing, therefore bijective and has an inverse function de-
noted as arccos. Hence,

arccos : [—1,1] — [0, 7]
x> f(x) = arccos(x)

with the property
Vo e [-1,1], (y = arccos(z) < a@c)%y) and y € [0,7]).

Also, 9)

arccos (cos(x)) = x; V€ [O,W@(;DOS (arccos(z)) = x; Vo e [-1,1].

. The function

is strictly increasing, therefore bijective and has an inverse function de-
noted as arctan(z). Hence,

arctan(z) R — } Iz [

272
x +— f(x) = arctan(z)
with the property
T
Vr € R, (y = arctan(z) <= x = tan(y)andy € }—5, 5 D )
Also,

arctan (tan(z)) = x; Va € }—g, g {andtan (arctan(z)) = x; Vz eR.
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