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Remedial exam

Exercise 1 (7 pts)

Let E = Span{(1,1,1)} and F = {(x,y,z) e R® : x+y—-z =0}
(1) Show that F is a subspace of R* and find its dimension.
2)FiINndEnF

(3) Show thatR?* = E® F.

Exercise 2 (5 pts)

We consider the map F defined by :

F o Ro[X] — Ry[X]
P— (X+1)P
(1) Show that F'is a linear map.
(2) Determine ker(F), the kernel of F and deduce r(F), the rank of F.
(3) Is the map F injective? Surjective?

Exercise 3 (8 pts)

110 5 -2 1
LetM—< )andc_ 2 4 2
011
1 -2 5
(1) Determine the matrices 4 = ‘M. M and B = 4 + I3, where ‘M is the transpose matrix of M

and 75 is the unit (identity ) matrix of order 3.

(2) Calculate det(B).
(3) Calculate B.C and C.B.
(4) Solve the following system (S) by two methods : (matrix inversion method and Cramer method)

2x+y =3
() x+3y+z=35
y+2z=3

(5) Determine the values of 1 € R so that : det(B — Al3) = 0.

Good luck
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Examen de rattrapage

Exercice 1 (7 pts)

Soient E = Vect{(1,1,1)} et F= {(x,y,z) e R® : x+y—z =0}

(1) Montrer que F est un sous espace vectoriel de R* et déterminer sa dimension.
(2) Trouver EN F

(3) Montrerque R* = E@ F.

Exercice 2 (5 pts)

On considére I'application F définie par :
F o Ro[X] — Ry[X]
P— (X+1)P
(1) Montrer que F est linéaire.
(2) Déterminer ker(F) , le noyau de F et en déduire rg(F), le rang de F.
(3) F est-elle injective? Surjective?.

Exercice 3 (8 pts)

5 2 1
. 1 10
Soient M = ( > etC=| 2 4 =22

011
I -2 5

(1) Déterminer les matrices A = ‘M. M et B = A + I3, ou ‘M est la matrice transposée de M
et /5 est la matrice unité d’ordre 3.

(2) Calculer det(B).

(3) Calculer B.C and C.B.

(4) Résoudre le systéme (S) suivant par deux méthodes :

(méthode d’inversion matricielle et méthode de Cramer)

2x+y =73
() x+3y+z=>5
y+2z=3

(5) Déterminer les valeurs de A € R pour que : det(B — Al3) = 0.
Bon courage



Abou Bekr Belkaid University - Tlemcen Academic year: 2023 - 2024
Faculty of Sciences Module : Algebra 2
Department of Mathematics L1 Math+M1

(%@\

\Of

Answer key to remedial exam

Exercise 1 (7 pts)

Let E = Span{(1,1,1)} and F = {(x,y,z) e R® : x+y—-z =0}

(1) Show that F is a subspace of R* and find its dimension.
0 F#@ (0g: € F)

Fis a subspace of R? < (ii) Vuve F:u+veF
(iii) Yu € F,.VYa e R : au € F

(7) Ogs =(0,0,0) € F, because 0+0—-0 = 0then F = &.

(@) Letu = (x1,¥1,21),v = (x2,y2,22) €e F=x1+y1—z1=0andxa+y, -z, =0
u+v=x,y1,z1)+ @x2,y2,22) = (x1 +x2,y1 +y2,21 +22) = (X, Y, 2)

where X = X1+ X2, Y=y1 + Yy, Z=z1+2

Wehave X+ Y-Z7 = (x1 +XQ)+()/‘1 +yz)—(21 +Zz) = (x1 + )1 _Zl)+(.x2 +2 —Zz) =0+0=0
So,u+veF

(@ii) Letu = (x,y,z) € f and a € R.

u=Wxyz)e F=2x+y-z=0

au = a(x,y,z) = (ax,ay,0z)

We have (ax) + (ay) —(az) = a(x+y—z)=a.0 =0

Hence au € F.

Conclusion : F is subspace of R?

Letu = (x,y,z) € F.

u=Mwyz)e F=2x+y-z=0=z=x+y

ueF=u=wyx+y) =x(1,0,1)+y0,1,1) = F = Span = {(1,0,1),(0,1,1)}.
Let 2,1,),2 e R.

A1(1,0,1) + 22(0,1,1) = (0,0,0) = (A1,A2,A1 + A2) = (0,0,0)

Ar=0
= =0 = A1 =A,=0
/11+/12=0

Hence {u,u;} is linearly independent and therefore it is a basis of F,
and since card({u,u;}) = 2 then dim(F) = 2.

Q2)FIndENF

u=wyz)e E=u=al,1,1)) >x=y=z2

(x,y,z) € E

Letu =(x,y,z) e ENF =
g {@mﬂeF

Hence EN F = {Ogs}



(3) Show thatR?* = E® F.
R p o 4 QM)+ dim(F) = dim(R3)
ENF = {0g}

We have E = Span{(1,1,1)} and since (1,1,1) # (0,0,0), then {(1,1,1)} is a basis of E.
Therfore dim(F) = 1.

dim(E) + dim(F) = 1+ 2 = 3 = dim(R?)
EﬁF = {0R3}

We have We have { S RI=E®F
Exercise 2 (5 pts)
We consider the map F defined by :
F Ro[X] — Ry[X]
P+— (X+1)P

(1) Let’'s show that F'is a linear map.
LetP,Q € Fand a,p € R.
F(aP + Q) = (X+ 1)(@P + BQ) = (X + 1)(aP' + BQ")

=aX+ 1P +BX+1)Q
F(aP + pQ) = aF(P) + BF(Q)
So, Fis a linear map.
(2) Let’s determine ker(F) and deduce »(F), the rank of F.
ker(F) = {P € Ry[X] : F(P) =0}
FP)=0=X+1)P=0=P =0=>P=ceR
So, ker(F)={P=c:a € R} = Span{l}
Terefore {1} is a basis of ker(F), so dim(ker(F)) = 1.
By rank theorem, we have : dim(R,[X]) = dim(ker(F)) + r(F)
then r(F) = dim(R,[X]) — dim(ker(F)) =3 -1 =2 = 1(F)
(3) F'is not injective because ker(F) = Span{1} # {0}
We have (F) = dim(Im(F)) = 2 # 3, which implies that F is not surjective.
Exercise 3 (8 pts)

L1 o 5 2 1
Let M = and C = -2 4 =22
011

1 -2 5
(1) Let’'s determine the matrices 4 = 'M.M and B = 4 + I;

10
110

M = =M= 1 1
01 1

01

1 0 110
1 10

A="MM= 11 | = 1 21
011

01 011

1 10 1 00 210

B=A+1I = 1 21 + 010 = 1 3 1

011 0 01 01 2

(2) Calculate det(B).



210
31 11 13
detBy=131|=2 - +0 =10-2=38
1 2 0 2 01
01 2
(3) Let’s calculate B.C and C.B.
f210Y( 5 21 ) (s800) [ 100)
B.C = 131 [.|] 2 4 =2 = 080 =8 01 = 813
\012/ 1—25/ \008/ \00/
/5—21 210\ /800\ /100\
CB=| -2 4 =2 || 131 =1 080 |[=8 01 = 813
\1—25 012/ \008/ \001/
(4) Let’s solve the following system (S) by two methods :
2x+y =73
() x+3y+z=>5
y+2z=3
Let’s write the system (S) in matrix form (DX = b).
3 210
(S) = DX=bwithX=| » [,b=| 5 |andD=| 131 |=8
z 3 01 2
(i) Let’s solve the system (S) by matrix inverse method
S) = BX=5b
From (3), we have B.C = C.B = 813, which implies that B is invertible and B! = %C
S5 _1 1
5 -2 1 8 4 8
S ) _ | -1 1 _1
Br=xg| 2 4 2 5 2 %
I -2 5 1 1 5
8 4 8
X=B"b
S5 1 1 15 5,3
8 4 8 3 8 4 8 1
- - -1 1 _1 - 3,5_3 -
X=1 y |=| 4 7 % 5 1727 % 1
z 1l _1 5 3_5,15 1
8 4 8 8 4 8
x=1
So, y=1
z=1

(ii) Let’s solve the system (S) by Cramer method
Sy = BX=5»
det(B) = 8 # 0 = (S) admits a unique solution given by :



10
31
12 31 51 53
_ det(B1) _ R B 40 -
det(B) 8 8 12 32 31
230
151
_det(By) | 932 IR 11 15 _
det(B) 8 8 32 0 2 03
21
13
0 1 35 15 13
_det(B3) _ 15 B 43 _ 1
det(B) 8 8 13 0 3 01
=1
So, y=1
z=1
(5) Determine the values of 1 € R so that : det(B — A113) = 0.
210 100 2-1 1 0
B-A=| 131 |-A 010 |= 1 3-4
01 2 001 0 1 2-4
2-4 1 0
det(B-Al;) =0 = 1 3—-14 1 =0
0 1 2-2
3-1 1 1 1 1 3-4
=2-1) - +0 =0
1 2-4 0 2-4 0 1

= 2-DG-MH2-1)-11-2-1) =0

= Q2-MG-N)2-2)=2]=0= 2 -A)A> =51+4) =0

2-2)=0 A=2
= =
AM2—51+4=0 A=1oui=4

So, det(B—Al3) = 0 < A € {1,2,4}.
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