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Examen Final -Analyse 2-M et MI.

dx
Question de cours (05 points)  Intégrer: | = [ ————.
(1+2?)
Exercice (15 points) Les questions suivantes sont complétement indépendantes.

1. (5 points). Soit la fonction définie par f(z) = (arctanz)es.

Trouver 'équation de I’asymptote au graphe de f dans V (+00), ainsi que sa position par rapport
a ce graphe.

2. (5 points). Calculer les intégrales suivantes :

a) I = /sing(x) cos® vdr J = / SINT_C0S ¥ dx

(sin?x — 1)(sin2z +sinz + 1)

3. (5 points). Résoudre 'EDO suivante :

vy +y +a=0;(z>0)

On rappelle que :

1
1/ Va € R, cos?a = %(cos(2 1) et cos?a = —————.
/ Va a = 3(cos(2a) + 1) a [ tania
1
2/ Yy > 0, arctan (—) = g — arctany.
Yy
3/ Au voisinage de 0, on a :
3 5
_ r .z (=ra2n i 2n+1
a) arctan(x) = x — 3 + 7 + G T ol .
2 3 "
r X x
b)€—1—|—1|—|—§+§+ +—+0( )
Remarque: L’usage des téléphones portables est strictement interdit. Bon courage.
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d
Theoretical question (05 points) Integrate : [ = [ ﬁ

+x
Exercise (15 points) The following questions are completely independent.

1. (5 points). Let be the function defined by f(z) = (arctanz)ex.

Find the asymptote equation to the plot of the function f in V (+00), as well as its position with
respect to this plot.

2. (5 points). Calculate the following integrals :

a) I:/sins(x) cosxdr ;D) J:/ ST S8 T dx

(sin?z — 1)(sin2z +sinx + 1)

3. (5 points). Solve the following ODE:

zy +y +x=0;(z>0)

Let’s recall that :

1
1/ Yo € R, cos?a = $(cos(2cr) + 1) and cos?a =

1+ tan2a’
1 s

2/ Yy > 0, arctan (—) =5~ arctany.
Y

3/ In the neighborhood of 0, one has:
3

3 b
a) arctan(x) = x — 3 + T +

(—1)g2nt1 + 0(x2n+1) _

. x 2?2 28 " .
b)€:1+ﬂ+§+§+...+m+0(l’).

Note: The use of cell phones is strictly prohibited. Good luck.
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Theoretical question (05 points) Integrate : K = [ ———

(14 :L'2)
Take = = tany, to get : dz = (1 + tan?y)dy, so : (1+1pt)
o / (1 + tan %y) a
(1 + tan2y)3
1
AT
But since Vy € R,cos’y = m, one gets :

K = /cos4y dy (0.5pt)

We know how to calculate [ cos*y dy by linearization since: Vy € R, cos? y = 1(1 + cos(2y)), so

/cos4y dy = %/(1 + cos(2y))*dy (0.5pt)

— %/(1 + 2 cos(2y) + cos *(2y))dy

= i [y + sin (2y) + % /(1 + cos(4y))dy] (0.25+0.25 pt)

= i [y +sin (2y) + %(y + % sin(4y)} +C,(C eR). (0.5pt)

It remains to return to the first variable, noting that :

r =tany = y = arctanz, so sin (2y) = sin(2arctanz) and sin (4y) = sin(4 arctanz) (0.5pt)
Finally :

113 1
K = 113 arctan z + sin(2 arctan z) + S sin(4 arctan x)] +C,(C € R). (0.5pt)

Exercise (15 points)

1. Let be the function defined by f(z) = e (arctanz) .

Find the asymptote equation to the plot of the function f in V (+00), as well as its position with
respect to this plot.

1 1 1
One poses y = —, that way, liril y=0" (0.540.5pt) and f (—) = eY arctan (—) .
T z——+00 Y Y

1 1
Since y > 0, one has : arctan (—) = g — arctan y, so arctan <—) = g —(y+o(y?)). (1pt)
Y Y



2
Andey:1+y+%+o(y2) S0

y
_ T T 9 T oo 2
= 5Tyt Gy Y Y +o(y”)
_ T T _ T 2 2
- 2+(2 1)y+(4 1>y+0<y>

This means that the asymptote equation to the plot of the function f in V (400) is the line (A) of

equation y = g It is an horizontal asymptote. (1pt)
1
And since Vo € V (+00), (f(z) —y) = (% - 1) e 0 then the plot of f is above (A). (1pt).

2. integrate
a)

I = /sing(a:) cos® xdx

One has:
Vr € R, sin®(z)cos® (r) = sin®(z)cos® (x)cos (z) (0.5pt)

= sin®(z) [1 —sin®(z)] cos (z) (0.5 pt)

= sin®(x) cosx — sin'® () cos (z)
Hence :

I = /sins(x) cosx dr — /sinlo (x)cos (z) dx

.9 11
_ Smg(x) . Smn(m) +C,(C€R). (0.5+0.5 pt)

b)

7 / sinz cosx J
= T

(sin?z — 1)(sin%z +sinx + 1)
One poses y = sinz, to get dy = cosxdx , (0.5 pt) so :

_ ydy _
J_/(yz—l)(y2+y+1)_/f(y)dy

One has :

_ Y A B Cy+ D
fly) = D rsD) -1 + . + o 1(0.5+0.5+0.5 pt) (%))

Dy = R/{-11)




We multiply the whole equation (x) by (y — 1), we find :

y _ 4. Bly-1) (Cy+D)(y—1)
WERM gy M Ty Fry+l

Take y = 1 to get :

1
Similarly, we multiply the whole equation (x) by (y + 1), we find :

y Ay +1) (Cy+D)(y+1)
VyeR“””@—lﬂﬁ+y+1f_ y—1 B y+y+1

We now choose to take y = —1, we find directly :

1
Now we come back to our equation given in (x) :

Y A N B Cy+ D
WP -1 +y+1) y-1 y+l P+y+l
Since we have already calculated A and B, we may take directly y = 0 to find the D, as follows :

Yy € Df,

0 = —A+B+D

11
= 0=—=+-+D
6 2"

1

And finally, we multiply the whole equation (x) by y then pass to the limit when y tends to +oo :

vy € D y? _ Ay By  (Cy+D)y
P02 ry+l) y—1 oyl Pyt
2 A B 24D

=1
y—too(y? = 1) (P +y+1) woteoly—1 y+1 y2+y+1
= 0=A+B+C

1 1
= 0=—-+-+C
sttt

2
Hence :

1 2 1
2 3Y — 3

Y +
1 y+1 ?»+y+1

Yy € Dy, —
YRR Pyt

All that remains is to integrate:
d 1 d 1 d 1 2 1
[:/ ydy _Lfdy 1 _y__/Ldy
2= (w?+y+1) 6J) y—1 2)y+1 3) 24+y+1

1 1 1
I:EmW—JL+?nw+H—§ﬂﬂf+y+1ﬂ+CJC€R)@25HM%+&%¢Q

| =
+

5



Finally,
I= 61n|31nx -1+ ln|smx—i— 1] — gln (sin®z +sinz + 1) + C, (C € R) .(0.25pt)

3. Solve the following ODE:

zy’ +y +2=0;(x>0)..(1)
One poses z =y, one finds ' =y (0.540.5 pt) so that equation (1) becomes:

()2 +2+2=0..(2)
Which is a linear first order ODE:

|
(2) & z + —z = —1 (remember that z > 0) (1pt)
x

1
With a(z) = — and b(z) = —1.
x
Let’s solve it by the integrating factor method :

[a(z)dr = Inx so the integrating factor is R(z) = e/ *®% = ¢le = 7 (1pt)

Furthermore, I(z) = [ R(z)b(z)dx = [ —xdx = -
The solution is then given by :

Ch)-
-3 )
#Z@:§+?UM)

And since y(z) = [ z(z)dz then y(z) = [ (F + <) da

:éwﬂz;?+0ﬁm+65 (C1,Cy €R), (z > 0). (1pt)



