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Final exam

Exercise 1 (10 pts)

Let F= {(x,y,z) e R®* : -x+y—z = 0} and / be a map defined by :
f: R} - R3
(x,,2) — (x +y,y—1z, z+x>

(1) We admit that F is a subspace of R3. Find its dimension.

(2) Prove that /' is a linear map.

(3) Show that ker(f) = {(x,y,z) eR¥:y+x=0andz+x = 0}.

(4) Determine dim(ker(f)) and deduce r(f), the rank of f.

(5) 1 is it injective? Surjective? Justify your answer.

(6) Do we have R3 = ker(f) ® F.

Exercise 2 (10 pts)

We consider the following system (S) :

x—=3y+6z=3
S)< 6x—8y+12z=2
3x-3y+4z =1

(1) Write the system (S) in matrix form (4X = B).
(2) Check that the matrix 4 is invertible.

(3) Calculate 42.

(4) Determine the real numbers a and g such that :

A2 = aA+,313

where I3 is the unit matrix ( identity matrix ) of order 3.
(5) Give 47! the inverse matrix of A.
(6) Solve the system (S).

Good luck
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Epreuve Finale

Exercice 1 (10 pts)

Soient F = {(x,y,z) € R® : -x+y—z = 0} et/ une application définie par :
f: R} - R3
(x,,2) — (x +y,y—1z, z+x>
(1) On admet que F est un sous espace vectoriel de R*. Déterminer sa dimension.
(2) Prouver que f est une application linéaire.
(3) Montrer que ker(f) = {(x,y,z) e R* : y+x =0etz+x=0}.
(4) Déterminer dim(ker(f)) et en déduire rg(f), le rang de f.
(5) 1 est-elle injective? Surjective? Justifier votre réponse.
(6) A-t-on R3 = ker(f) @ F.

Exercice 2 (10 pts)

On considére le systéme (S) suivant :

x—=3y+6z=3
) 6x—8y+12z=2
3x-3y+4z =1

(1) Ecrire le systéme (S) sous la forme matricielle (4X = B).
(2) Vérifier que la matrice 4 est inversible.

(3) Calculer 42.

(4) Déterminer les réels o et g tels que :

A2 = aA+,313

ou /5 est la matrice unité d’ordre 3.
(5) Donner 47! la matrice inverse de 4.
(6) Résoudre le systéme (9).

Bon courage
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Answer key to final exam

Exercise 1 (10 pts)

(1) Letu = (x,y,z) € F,thenz=—x+y
ueF=u=wy—x+y)=x(1,0,-1)+»(0,1,1) = xu; + yus

where u; = (1,0,—-1) and u; = (0,1,1) (1)
We deduce that F = Span{u,u,}, which means :

Cy = {u,uy} is a spanning part of F.

Is C, linearly independent?

Let 11,4, € R.
Aur + Ay = 0 = A1(1,0,-1) + 12(0,1,1) = (A1,42,—41 + 42) = (0,0,0)
Ar=0
= A =0 = 11 =1=0
A+ =0

Hence C, = {u1,u>} is linearly independent and therefore it is a basis of F, 1
and since card(C,) = 2 then dim(F) = 2. ( )
(2)Letu = (x1,y1,21),v = (x2,y2,22) € R3. we have

f(u + v) =f((x1,y1,21)+ (XQ,yz,Zz)) =f(x1 +X2,V1 +V2,21 +Zz) =f()(, Y,Z)

=X+Y,Y-ZZ+X)
= (x1 + X2+ Y1 +y2,Y1+Y2—2z1—22,Z1 +2Z2 + X1 +X2)
= (1 +py1) + G2 +32), (V1 —21) + (2 = 22), (21 +x1) + (22 + x2))
= (x1 +V1,Y1 — 21,21 +x1) + ()CZ +¥2,V2 — 22,22 +)C2)
= fix1,y1,21) + flxa,y2,22)
fu+v) =flu)+Av)
Letu = (x,y,z) € R3¥and a € R. we have
Aau) = flax,y,z)) = flax,ay,0z) = AX,Y,Z) (1)
= (ax + ay,ay — az, 0z + ax)
= a(x + ay,ay — az, 0z + ax)
= af(x,y,z)
fau) = aflu)
Therefore f'is a linear map.
(3) ker(f) = {(x,y,z) € R? : fix,y,z) = (0,0,0)}
Asume that v = (x,y,z) € ker(f)
v = (x,y,z) € ker(f) = fix,y,z) = (0,0,0)
= <x+y, y—z, z+x> =(0,0,0)

y+x=0 y=-x
0 — _ y+x=0
= —ZzZ = =z
Y Y z+x =0 (1)
z+x=0 zZ=-X

Hence ker(f) = {(x.y,z) e R® : y+x=0andz+x =0}


(1)

(1)

(1)

(1)


(4)Letv =(x,y,z) € ker(f) = y+x=0andz+x=0 = y=-xand z = —x

v € ker(f) = v = (x,—x,—x) = x(1,-1,-1) = xuy where u; = (1,-1,-1)

Hence, ker(f) = Span {u3 } = (C, = {us3} is a spanning part of ker(f) .

Since u; # Ogs then C, = {u3} is a basis of ker(f).

And consequently dim(ker(f)) = 1. (1)
By rank theorem, we have dim(R?) = dim(ker(f)) + (/)

then 7(f) = dim(R?) — dim(ker(f)) =3 -1 =2 1
The rank of f, r(f) = 2

(5).f is not injective because ker(f) = Span{u; » # {Og:} 1
Im(f) = R?* and dim(Im(f)) = 7(f) = 2 # 3, so Im(f) = R3

Then £ is not surjective. (1)

dim(k dim(F) = dim(R?
6) R = ker() ® F < im(ker(f)) + dim(F) im(R-)
ker(f) N F = {Ogs} 1
We have dim(ker(f)) + dim(F) = 1 +2 = 3 = dim(R?) ( )
So, to show that R* = ker(f) @ F, it suffices to show that ker(f) N F = {Ogs }.

k
Letu = (x,,2) € ker(f) " F = { (x,y,z) € ker(f)

(.y.z) € F
y+x=0 y=-x
= z+x=0 = z=—x

~x+y—-z=0 ~x+y—-z=0 (1)

=x=y=z=0
Hence ker(f) N F = {Ogs }.
dim(k +dim(F) = dim(R?
We have 4 dimker)) +dim(F) =dm®S oy | veF
ker(f) N F = {Og: }
Exercise 2 (10 pts)
We consider the following system (S) :

x=3y+6z=3
S< 6x—-8+12z=2
3x-3y+4z=1

(1) Let’s write the system (S) in matrix form (4X = B).

X 3 1 3 6
(S) = AX=Bwithx=| » |,B=| 2 [+A5]| 6 -8 12 (1)
z 1 3 3 4
b= 8 12 6 12 6 -8
) det(d)=|6 -8 12 | =] — (-3 - — 4
(2) det(4) ‘_34 S 3_3:‘
3 3 4

det(4) = 4 # 0 = A is invertible. (1 y 5)


(1)

(1)

(1)

(1)

(1)

(1)

, A=

(1)

(1,5)


1 -3 6 1 -3 6
B)A2=A4.4=| 6 -8 12 6 -8 12
3 -3 4 3 -3 4

1-18+18 —-3+24-18 6-36+24

=| 6-48+36 —18+64-36 36-96+48

3—-18+12 -9+24+12 18-36+16 (1)
1 3 -6
A*=| -6 10 —-12
-3 3 =2
(4) Let’s determine the real numbers a and g such that :
A2=0£A+,BI3
1 -3 6 1 00 \
A*=ad+PL=al 6 -8 12 |+B] 01 0
3 -3 4 00 1]
1 3 -6 a+p 3a 6a \ |
a=-
-6 10 -12 = 6a —8a+ 12a =
: {5 (1,5)
-3 3 =2 3a -3a 4a+[3]

So, 4% = -4 + 215
(5)A? =-A+2I; = A>+A =21 = A4+ 15) = 2I;

:>A[%(A+I3)} = I (1)

Hence, 4 is invertible and 47! = %(A +13)

1 -3 6 100 141 =340 640
A-lz% 6 8 12 |[+]| 01 0 =% 6+0 —8+1 1240
3 -3 4 00 1 340 340 4+1
_3
1 -3 3
. 7
at=| 3 - 6 (1)
3 _3 5
2 T2 2

(6) Let’s solve the system (S).
(i) Matrix inverse method
) ©AX=B = A'4AX=4"B= X=4"'B

_3 _3
. 1 5 3 3 1.3+¢( 2).2+3.1 3
_ _ 7 _ 7 _
X=1 vy = 3 ) 6 2 = 3.3+(—7).2+6.1 = 8 (2)
z 3 3 5 1 3 _3 S 4
> 5 5 2.3+( 2).2+2.1


(1)

(1,5)

(1)

(1)

(2)


x=3

So, y:8
z=4
(if) Second method : Cramer method
S) & A4X =18
det(4) = 4 # 0 = (S) admits a unique solution given by :
3 -3 6
2 -8 12
1 -3 4 12 2 12 2 -
_ det(d1) _ 113 8 —(=3) 8 =3
det(4) 4 4 -3 4 1 4 1 -3
1 3 6
62 12 (2)
_dettay) _ [ 3V A g2z e 2] 62|
det(4) 4 4 1 4 3 4 31
1 33
6 -8 2
 det(4,) 3311 1] -82 _ () 6 2 6 -8 | |_,
det(4) 4 41131 31 3 -3
=3
So, y:8


(2)
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