Academic Year: 2023/2024
1*' Year LMD-M and Ml

University of Tlemcen
Faculty of Science
Department of Mathematic

Correction of SW N°3 of Mechanics

Kinematics of a Material Point

Exercice 1

a- we have x(t)=2t>+5t?+5 s0 :

The velocity :  v(t) = % =6t+10t

The acceleration: a(t):dZ—(tt):12t+10

b- The body's position at time t;=2s, as well as its instantaneous velocity and acceleration:
The position :  x(2)= 2(2)*+5(2)*+5=41m

Instantaneous speed:  v(2)=6(2)*+10(2)=44m/s

Instantaneous acceleration : a(2)=12(2)+10=34m/s*

- The body's position at time t2=3s, as well as its instantaneous velocity and acceleration:
Position :  x(3)= 2(3)*+5(3)*+5=104m

Instantaneous speed:  v(3)=6(3)*+10(3)=84m/s

Instantaneous acceleration :  a(3)=12(3)+10=46m/s

c- We deduce the speed and average acceleration of the body between t; et t,:

Average speed:  Vpoy = % = % = Vinoy = % = 63m/s
Average acceleration :
Av  v(ty) —v(t 84 — 44
a :_:M a =—=40m/52
Moy At t, —tg moy - 3-2

Exercice 2
The coordinates of a moving point M in the plane (oxy) are written as :
x()=t+1 et y(t)=(t*/2)+2
a- The equation of the trajectory is then written :
(To find the equation of the trajectory, simply find the relationship between x(t) and y(t).
To do this, deduce the time from one equation, x(t) or y(t), and replace it in the other
equation).
Here, we'll write t as a function of x :

(x—1)2 x2

t=x-1soy = +2=7—x+;

2
The equation of the trajectory is :  y(x) = X; —-x+ g
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b- Components of velocity and acceleration vectors:

- The velocity : v(®) = vy (DT + v, (O]
_dx(t)
vx(t) - dt =1
dy(t
vy(t) = };E ) =t

The velocity is written by v(t) = T+ tj
The velocity module: |5(t)| = V1 + t2

-The acceleration:  a(t) = a, ()7 + a, ()]

() = dv;t(t) 0
o) = dv;t(t) _.

So a(t)=j
The acceleration module |a(t)| =1

c- Normal and tangential acceleration:

-Tangential acceleration

_ @

r with [v(t)| = JvZ+ v =VI+t2

_dW1+t?) 2t
TETTa T oire

because (U™)' =nU' U™ !

-Normal acceleration :
The accelerations ay and ar are the normal and tangential components of the acceleration.d
(C_iz aTUT+aNUN :lal = a%+a12\,)

We have the shape of a right triangle, by applying Pitagort's relation.

a? = a? + a, %ﬁfIaﬁ
So af =a*-a%ouldl = /a%+a,2v ar

2 t2

t
W V1 + 2 1+1¢2
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ai = !
N1 g2

1 1
So ay = 142 v

2

3
-The radius of curvature: ay = ’; = %=> R=v3=(1+1t%:2

c- The nature of movement
NN 0 1
a(t).v(t) = (1)(t) =10)+t(1)=t>0

The motion is then uniformly accelerated.
Exercice 3 :

A particle moves along a trajectory whose equation is y=x? so that at each instant vx=vg=cst.
If t=0, X =0.

a- Let's find the particle's x(t) and y(t) coordinates.

We have the following (OX) v, = vy, = % = fox dx = fot vodt

= x(t) = vyt

On the other hand: y=x’= y(t) = vét?

x(t) = vyt
S0 {y(t) = vit?

b- The velocity and acceleration of the particle.

The velocity
dx
Uy = E =7 - ) )
dy = v(t) = vyl + 2v3t)
vy == 2vit

The velocity module: |v(t)| = /v + 4v¢t?

@x _ o
- x -
The acceleration: P = a(t) = 2v%j
a, = d—;’ = 2v¢

The acceleration module: |a(t)| =/ (2v3)? = 2v?

3
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- Normal and tangential accelerations :

_ dlv(®)| _ 4vit

ar
dt Vg + 4vgt?

16v8t?
vg + 4vit?

a? = a%? — a?% = a} = 4v§ —

6
4v,

2
208 = —5——
Vg + 4vgt?

2v3 _2v3

So = =

ay = ——
’v§+4v§t2 v
((a®)Y = a*? et a*.a” = a**"Y)

2v8 v3

The radius of curvature: ay=—=—"=>R=—
R v 2v,

Exercice 4

A) A material point M is identified by its Cartesian coordinates (X,y):
Find x and y in terms of polar coordinates p and 6??

OM =xi+y] (1)
In the othor hand OM is written by projection as:

OM = pcosOT + psinf] (2)

yA
X
M
o]
]"Auhe ‘
0 7 X
X = pcos6
(1) and (2)=>{y= Pt

A. The unit vector 4 as a function of the unit vectors 7 and 7 :

we have OM = |W|ﬁ’ = pU = pcosOT + psindj Y

SO U = cosOT + sinfj
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and 7 = —sinfi + cosj

n and U represent the unit vectors of the polar coordinate basis.

2- Calculate the expression of dﬁ/ 4 Which this vector represents?

dii _ d(cosl + sinfj)

= —sinfi + cosj =1

do do
g represents a unit vector perpendicular to 2 in the direct direction .
— 42
B. The position of point M is given by { GOM _t tu (w constant)
= w

The expression of the velocity vector v in polar coordinates is :

é_dOM_d(tzﬁ)_Zt_,_l_tzdﬁ’
L P P dt
di  di do
dt _de dr ¢

Exercice 5

1. A material point M is identified by its Cartesian coordinates (X, y, 2).

Write the relationship between Cartesian coordinates and polar coordinates.

A
x = pcos6O Y
y = psinf . .
— u — u
Z=Zy U L T z
e ym_____:_
/, }\m
K A B
1 d 1
! e X
1 0 » x 1 »
\ N m
‘\ .] /I
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2. Find the expression of the position vector and deduce the velocity v of point M in

cylindrical coordinates.

OM = pU, + 2T,
=>ﬁ=@=d—p7+pd—7‘;+%7+z@
dt dt ° dt  dt ? dt

dl—];—0=>”—'7+ dgdv;+'7
ona = v=pUp+pr—p +2U;

dt
=>17=pf];+p0'U—9>+Z'UZ)

3. A velocity vector v of point M in cylindrical coordinates:

(22 = gt
p = 4t? 26
We have {0 =wt Hencedzz ™ ¥
z =4t L%:L
dt 2Vt

N = .de) — — 2 — 1 —
=>v=pUp+p9W+ZUZ=8tUp+4t .G).UQ +2_\/EUZ

Exercice 6
v, = Rw cos(wt)
{vy = Rw sin(wt)

Knowing that at t=0, the moving body is at the origin O (0,0),

1. The components of the acceleration vector and its
Avy 2 .
A = —= = —Rw*sin (wt)
modulus. P
a, = d—ty = Rw? cos(wt)

[d@] = / (—Rw?sin (wt))? + (Rw2cos (wt))? = Rw?
2. The tangential and normal components of acceleration and deduce the radius of
curvature.

Tangential acceleration:
[7] = V(Rw cos(wt))? + (Rw sin (wt))? = Rw

Normale acceleration:

2 2 RZZ
ay=—=a= Rw?cara; =0 etR=—=—==
R a Rw?

N

6
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Radius of curvature is R.

A
. Si
3. The components of the position vector n

4
<
dx = Rwcos(wt) /\\NT:
N

v, = Rwcos(wt) dt M
{vy = Rwsin(wt) = dy

Py Rwsin(wt)

{dx = Rwcos(wt)dt
dy = Rw sin (wt) dt

Cos

fdx = fcucos(a)t)dt

fdy Rfa)sm (wt) dt
{ x = R sin(wt)
y = —R cos (wt)

The trajectory equation.

x? + y? = R%sinwt + R%*cos?wt = x? + y? = R?

4. The nature of movement

The acceleration a=ay and the equation of the trajectory is x? + y? = R?, so the motion is
uniformly circular.

Exercice 7

A material point M moves along the OX axis with acceleration a = a 7 with a > 0.
1- Determine the velocity vector knowing that v (t=0)=v, .

dv v
a=—= dv = af dt
dt
>v—vyg=at (1)
so V= (at+ vyl
2- The position vector oM knowing that x(t=0)=Xo .

dx

V= =at+v, =>f dx—f(at+v0)dt—aj
dt 0

t

tdt +v0j dt

0

t

t2 ‘
ﬁx—x():[a? +U0tl
0

n+1

xtdx == and E=lnx
X

n+1
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x=%at2+v0t+x0 (2)

- 1
:>0M=(§ at2+v0t+x0>?

3. Show that v2 — v = 2a(x — x,)

2 27,2 2

V= . 1 V-, V=, ve+v5—2vV VVo—V,

L=>t=—2in (2)x—x0———a( 0) +v0( ")_— Q800
a 2 a a 2a a

v? + vi — 2V, N 2vv, — 2V3

= X — Xg =
0 2a 2a

v? — v}

2a

ﬁx—x0=

s0 2a(x — xp) = v2 — vd

4- For motion to be uniformly accelerated, @ ¥ must be positive.

For motion to be uniformly retarded, a". ¥ must be negative.

Exercice 8

The differential of vector 7, d7 = dl = dxi + dy] + dzk can be expressed in cylindrical
- N L L
coordinates as dr = P dp + 5 de + P dz.

: of o7 oF
1. We are looking for the vectors —, — et —.
dp’ 06 0z

Weare 7 =xi+yj+zk

- The displacement vector in cartesian coordinates (X, y, z) :

d7 = dl = dxT + dyj + dzk

- The displacement vector in cylindrical coordinates (p, 6, z) :
d*—aT7 d +6F d9+aFd
=3 P " 30 9z ¢

Relationships between cartesian coordinates (X, y, z) and cylindrical coordinates (p, 0, z) are :

y = psing = {dy = dp.sinf + p.cosf.do

{x = pcosfO {dx = dp.cos6 — p.sin6.dO
Z=1Zy dz = dzy

= d7 = dl = (dp. cosd — p.sin0.dO)T + (dp.sind + p.cosd.dO)] + dzk
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= d7 = (cos6.7+ sinf.))dp + (—psindi + p.cos6.])d6 + dzk............. (1)

— d7 = (Z—;) dp +(2) d6 + (3) dz...cooccececeeeece )

With identification between (1) et (2) we'll have :

(0F _ 0.7+ sind. 7
ap—cos .1+ sin6.]
or
:><_=_ . - =
Y psinfi + p.cosl.j
6?_4
\ 2k

2. Deduce Unit Vectors U_p,) ﬁet @)(cylindrical coordinates) as function of 1, and k
(Cartesian coordinates) :

The displacement vector in cylindrical coordinates is written:

d7 = dpU, + pdBUq + dzk............c.ocoevieinr 3)
( U, = a—F = 7 i 7
U, o c0s0.1+ sinf. ]
(2) and (3) = Fg = %Z—g = —sinf1i + cosb.]
AR

~ az
Note :

The unit vectors of the Cartesian coordinates base can be written as a function of the unit
vectors of the cylindrical coordinates base from the table below:

] ] k L = cosbu, — sinB uy
— . J = sinbu, + cosOug
u, [Cosd |[Sind |0 =/ P 9

. k=u,
Ug |-sin@ |Cosd |0

3. Checking that they are orthogonal?

|Fp)| = \/cosh? + sinf? = 1
= |U_9>| = \/(—sinB)? + cosH2 = 1
7] = F| =1
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Hence U, Uy et U,, are the unit vectos.

We have U;.U—g) = O,U;.U; =0 etUZ.@ =0

So U;, @, et U; are orthogonal vectors.

Therefore the vectors U;, ﬁ@ form an orthonormal reference frame.

4. Write 4 = 2x7 + yj — 2zk in cylindrical coordonates.

x = pcosé i = cosbu, — sinb ug
We have {y = psiné et < J = sinbu, + cosbuy
Z = ZM k — u—Z>

S0 A = 2x7+ yJ — 2zk is wretten by
=4 = 2pc059(coseu_p’ —sin@ug) + psine(sineﬁ + cosug) — 22k
= A = (2pcosH? + psin®?)u, + (—2pcosbsin® + posbsin®)uy — 2zk

= 4 = (cos6? + 1)pu, — pcosBsinOu, — 271,

10



