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Tutorial sheet N°2 : Sets and maps

Exercise 1

(1) Write the following sets in extension:

Az{nel\g<|n|<‘/§ﬂ}and3= x € R\3(n,p) e N? : x=%andl£2p$n£4}.

(2) Write the following sets in comprehension:

_ iﬁﬁﬁﬁﬂ 11 _1 1 _1
C= 5791113155 2P = {1’2’ 347506 7}

Exercise 2

(1)LetE=<x € Z\ |x— —| < 1} be a set. Determine P(E) and P(P(F)).

- _ 1.1 L}
(2) Forn € N*, let's pose 4, }n+l’” .
(i) Show that the family of sets {An,n e N* } is a recovery of the interval ]0, 1].

(if) Deduce that {An,n e N* } is a partition of ]0, 1].
Exercise 3

Consider the two sets E and F defined by :

E = {(x,y) e RAXx2—xy—2y? = O} and F = {(x,y) e R\x+y= O}.
(1) Show that F — E.

(2) Determine y of R such that: (1,y) € E.Dowe have E — F?

(3) Show that: E = F'U G where G is a set to be determined.

(4) Let the sets be :

A= {(x,y) e RA\y=x+1+4/x>+1 } and B = {(x,y) e RANy=x+1-4Jx>+1 }
(i) Determine the set Hsuchthat: H = A U B.
(ii) Determine H N F.

Exercise 4

Let 4,B, and C be three parts of a set E.
(1) Find a necessary conditon sothat: 4 W B =4ANC
(2) Showthat: [ANB=ANnCandAUB=4UC]=B=C

(3) Demonstrate that: 4 "B = A U B = A = B, using : (i) Direct proof.  (ii) The contrapositive.
4)BcA= AB=CE
Exercise 5

Consider the two sets E and F defined by :

E = {n € N\ n is even and divides 24} and F = {n € N\nisprimeand n < 9} v {1,10}.
Let f: E — F be a map defined by its graph G = {(2,3),(4,5),(6,1),(8,5),(12,7)}.

(1) Check that fis indeed a map. (2) fis it one-to-one ? onto?

(3) Determine /'(6)./({6}).f ({n € E \ n divides 8 }) and f(E).

(4) Determine £~ (1),/ ™' ({1}),/1({5})./ "' ({n € N\nisprimeand n < 9 } ) and /' (F).



Exercise 6
Letf: E — Fbeamap,4 € P(E)and B € P(F).
(1) Show that: 4 < f"'(fld)) and £ (f"'(B)) < B.
(2) Show using counter examples that : /' (f4)) & A and B & f(f'(B)).
(3) Find conditions on f'so that: 4 = f~'(f{4)) and £ (f"'(B)) = B.
Exercise 7
We notice U = ]0,+o0[ x ]0,+[.Let f: U — U be a map defined by :
fe) = (2,2
(1) Show that f'is one-to-one? (We can pose ¢ = %)
(2) Is fonto? If yes, determine .
Exercice 8

Leth :R* — [%ﬁoo[ be a map defined by : Vx € R*, h(x) = x+ /x + %
2

(1) Check that : Vx € R*, h(x) = (ﬁ + %) .

(2) Write the application # as the composite of two maps fandg: h = go f.

(3) Show that fis a bijection and determine its inverse map.

(4) Show that g is a bijection and determine its inverse map.

(5) Deduce that  is a bijection of R+ in [%,-‘FOO[, and determine its inverse map.
Exercise 9 (SUPP)
(I) Letf: R — R be a map defined by : f{x) = S

J1+x2
(1) Determinef({x e R\ |x| = 1}) and f! ({y e R\’ = 8}) (2) Is f one-to-one? onto? bijective?
3) Determinef([l,ﬁ]),f(]—,/?,—l]),f([—l,zﬁ[),f(R+),f—1(]o,1])andf—l([%,l]).
(II) Letg = fr+ : R* — Jwhere J = f(R*). ( g is the restriction of fon [R*).

Oow tha IS Dijective an etermine 27 . etermine g7 | = Yy (WO metnoads.
(1) Show that g is bijective and determine g~ (2) Determi g1<1>bt thod

2
(3) Calculate go g7 !(y) fory € Jandg! o g(x) forx € R*.
Exercice 10 (SUPP)

We notice J = |1,+x[. Letfand g : J— J be two maps difined by :

2
Vx e J, fix)y=1+ ﬁ2—1 andg(x)z( x+1>‘

(1) Determine £ ([2,4[) and g7 '({9}).

(2) Show that f'is a bijection from J into J and determine its inverse map.

(3) Check that : Vx € J, g(x) = (fix))>.

(4) Deduce that g is a bijection of from J into J and determine its inveerse map.



SUPPLEMENTARY EXERCISES
Exercise 1

(1) Consider the following sets:

_ [5n+8 _ J/2n+4
A= {Sn— N eN}andB {Zn—l’n € N}.
(i)Does L e 4218 ¢ 4943 ( po42  py

3 15 25 37

(if) Show that 6 is a common element between sets 4 and B.

5
LetC = <+ == K € andD = < &+ == k € , be two sets.
@uac~ {2 B s ezpman = (§+ 30k e3)

- Showthat4A "B = .
Exercise 2

LetA = ]-0,3], B =[-2,7] and C = ]-5,+0].
Determine : A U B, BN C, C\4, Cr(B) and AAB.

Exercise 3

Let4 = {(x,y) e RAx?+y?% < 1} be a set.

(1) Do the pairs (1,0) and (0, 1) belong to A?

(2) Show that 4 can not be the cartesian product of two parts of R.
Indication : By contradiction and notice that (1,1) ¢ A.

Exercise 4

Let A, B, and C be three parts of a set E. Show that :
(1) (A\B)\C = A\(BuU C)
(2) Ce(ANnB) =Cg(4) v Ce(B)
B3)AAB=ANB <= A=B=9

Exercise 5

Consider the two parts of R2, E = [0,1] and F = [0,2]
(1)Draw E x Fand E x E .
(2)Let f: E — Fand g : F — E be two maps.
X—2-x x — (x—1)?
(3) Specify gofand fog. Dowehavegof =fogandgof =g?
S| -1 1
(4) Determine f~'({0})and g GO, 3 [)
(5) Show that : g o 1" is bijective and specify (g of)_1
Exercise 6

Letf: R — R be a map defined by : f(x) = 2x2.
I +x

(1) Determine f(2) andf(%) . [ isitinjective (one-to-one)?
(2) SolveinR : f(x) = 2. fiis it surjective (onto)? Show that f(R) = [-1,1].
(3) Show that the application g defined on [—1, 1] in [=1, 1] by: f(x) = g(x) is bijective and determine its inverse g~'.

Exercise 7

Show that the map f: R — ]—1, 1{ defined by : flx) = +x|x|

is bijective and determine its inverse /1.



Exercise 8

Consider the following two sets :
A= {x e R\3I¢t e [0, 1:| :x=t+2}and

B xe[R\|x 2|_2}.
(1) Write the set B as an interval [a, b:|.
(2) Show that 4 = B.

Exercise 9
Letf: R — R* be a map defined by :
Vx € R, fix) = L

1+ J4+x%
(1) Determinef({x e R\x? = 4}>,f([R+) and /! ({y e R\ y| = 1})
(2) fiis it one-to-one? onto? bijective?
(3) Letg = fir+ : R — Jwhere J = f(R*), the restriction of fon R*.
- Show that g is bijective and determine g~!.

Exercise 10

Let f'and g be two maps defined by :

f:R\{3} - R/{4}andg: R/{4} — R\{3}
Ax+1 xro 3Xx+1
x-3 x—4

X —
3y+1
y—4
(2) Determine forx € [R\{l, 3} the image of 3x by f'and for x € [R\{—Z, 2, 4} the image of x* by g.
(3) Determine the preimages y = 1 by fand by g.
(4) Determine fo g and g o f.
(5) Show that f'is injective (one-to-one).
(6) fis it surjective (onto)?
(7) fis it bijective? If yes, determine /1.

3.

(1) Show that Vy € R\{4},



