1-5 Methods of proof



© Direct proof

@ Disjunction of cases

© Contraposition

@ Contradiction

© By giving a counter example
@ Successive equivalences

@ Induction.



@ We want to show that the proposition «P = Q » is true.
@ We assume that P is true and we show that then @ is true.

@ This is the method you are most familiar with.



Example 1

@ Let n be a natural number.
Show that :  nis even = n? is even.

° niseven:>3k€INsuchthatn:2k
We have n? = (2k)* = 2 (2k?) = 2/ with | = 2k? € N.

o And consequently n® is even.



Example 2

@ Show that: x,y € |-1,1[ = Xty
14+ xy

e]-11][.

o Let x,y € ]-1,1].
(X+y)2_1_ (x+y)°—(1+x)° _ P4y —1-x%°

1+ xy (14 xy)? (14 xy)?
_ x? =14 y? (1—X2) _ (xz—l) (1—y2) <0
B (1+xy) (1+xy)?

because x,y € ]—1,1[, and x? < 1, y? < 1 then

2 2
(552) 1<o—= (52) <1—= |15 <
Xy
2
. X+y X+y
Finally : —-1<0= e|—1,1{.
@ rnally <1—|—xy> 1+ xy ] [



Disjunction of cases

o If we want to check a proposition P(x) for all x in a set E,

© we show the proposition for the x in a part A of E,
@ then for the x not belonging to A.

@ This is the method of disjunction of cases or case by case.



Example 1

@ Let n € N. Show that : n(n+1)(n+ 2) is even.

@ First case : nis even 3 k € IN such that n = 2k
n(n+1)(n+2) =2k(2k+1) (2k +2) = 2/ with
| =k(2k+1)(2k+2) € N
therefore n(n+ 1) (n+ 2) is even.
@ Second case : nis odd d k € IN such that n =2k +1
n(n+1)(n+2)=(2k+1) (2k+2) (2k+3)
=2(2k+1)(k+1)(2k+3)
=2/ with | = (2k+1) (k+1) (2k+3) € IN.
so, n(n+1)(n+2) is even.

e Conclusion : ¥n € IN, n(n+1) (n+2) is even.




Example 2

@ Show that :
Vx €R,|x —2| < x*—3x+3

Ifx>2,|x =2 =x—2<x*>—3x+3

then x> —4x +5 >0 it's true because A = —4 < 0

If x <2,|x =2 =2—-x<x*—3x+3

then x> —2x+1 = (x —1)® > 0 it is true.

@ Conclusion :
Vx €R, |x —2| < x* —3x+3



Contraposition

@ Proof by contraposition is based on the following equivalence
(P= Q)<= (Q=P)

@ So, if we want to show the proposition P — Q

e we actually show that if Q is true then P is true.



Example 1

o Let ne N
Show that : n? is even = n is even.

@ Assume that nis odd , and show that n? is odd

@ nisodd => 3 k € IN shuch that n =2k +1
We have

n? = (2k+1)" =4k + 4k +1=2(2k> +2k) +1=2/+1
with [ = 2k? +2k € N.

And consequently n? is odd

@ Conclusion : n? is even = n is even.
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Example 2

o Let x,y € R.
Show that :

X Yy
X7y andxy # x2+x+17éy2+y+1
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Example 2

X
° X2+x+1:y2+yy+1:>X(y2+y+1)=y(xz+x+1)
= X2+ xy+x=yC +yx+y
= Xy +x—yx?—y=0
= xy(y—x)+x—y=0
= (x—y)(1l—xy)=0
—x—y=0o0rl—xy=0
== x=yorxy=1

_ X y
Finally : d 1
o Finally : x # y and xy # :>x2+x+17éy2+y+1
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Contradiction

o Let R be a proposition. We know that R\ R is true.

@ To show that R is true, we assume that R is false, that is to say R is
true and we show that we obtain a contradiction.

@ If R is an implication, R= P — @
We have P— Q <— P A Q

@ Proof by contradiction to show that P =—> @ is based on the
following principle :*
we assume both that P is true and that @ is false and we look for a
contradiction.

So if P is true then @ must be true and therefore P —> Q@ is true.
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Example 1

o Let show by contradiction that /2 is irrational (not rational) .
@ We assume that /2 € Q.
a .
V2eQ= V2= 5 with a and b are natural numbers that are
prime to each other.
<the fraction%is irreducible)

:>2:a—2:>32:2b2:>a2 is even == a is even
so a = 2k with k € IN
hence a2 = 2b2 = (2k)? = 2b% = b? = 2k?
= b? is even = b is even
a and b are both even, which contradicts the hypothesis
(a and b are prime to each other) .

@ Conclusion :+/2 is irrational.
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Example 2

@ Let a,b > 0.
Show that :
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Example 2

a b
= witha#b
145 145"t

a :L:>a(1—l—b):b(1+a)

1+b 1+a
= ata’=b+b = a—b+a*-b=0
= (a—b)+(a—b)(a+b)=0
— (a—b)(1+a+b)=0

andasa# b, thenl+a+b=0

@ This is a contradiction, because a, b > 0.

a b
Conclusion : = —a=5>b
@ Conclusion 155 T3 a

@ Assume that
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By giving a counter example

o If we want to show that a proposition of the form Vx € E, P (x) is
true, then for each x € E, it is necessary to show that P (x) is true.

@ On the other hand, to show that this proposition is false, then it
suffices to find x € E such that P (x) is false.

@ Remember the negation of
Vx € E,P(x)is 3 x € E,P(x)

@ Finding such an x € E is finding a counter-example to the proposition
Vx € E, P(x).
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Example 1

@ Show that the following proposition is false :
Any positive integer is the sum of three squares.

eVneN,Jaband c e N, n= a2+ b?+ c? is false.
@ The squares are 0%,12,22,32 42 ..

@ A counter example is 7.Squares less than 7 are 0,1 and 4.But with
three of these numbers, we cannot have 7.
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Example 2

@ Show that the following proposition is false :

Vx,yel{,\/m:x—i-}’-
@ dx=—1and y =1 such that (_1)2+12:ﬂand x+y=0.

0 19 / 29



Successive equivalences

o If the following equivalences are true:
P @ Q<= Q, Q@+ & .Q—Q
@ We also have the true equivalence: P <— @

@ We then write to simplify the writing :
Pi= Q<= Q<= Q<= Q<= Q. . QQ<=Q
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o Let x,y € R. Show that
(\/X2+1+\/y2—|—1:2)<:>(xzy:0)

o VX2 + 14y +1l=2=V/x2+1-1+/y2+1-1=0
@ Asx?>0and y2 >0, thenx’+1>1and y>+1>1
and consequently v/x24+1—1>0and /y2+1-1>0
VX2 14+y2+1=2=V/x2+1-1+/y2+1-1=0
< Vx24+1—1=0and \/y24+1-1=0
< Vx2+1l=1land \/y2+1=1
< x>=0and y> =0
< x=0andy =0

@ Conclusion : (\/x2+1—|—\/y2+1:2) — (x=y=0)
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@ The principle of mathematical induction method allows us to show
that a proposition P (n), depending on n € IN, is true Vn € N or
Yn>ng (ng > 1)

The proof by induction takes place in three steps :

1 st step : (Initialization) we verify that P (ng) is true.

2 nd step : (heredity) induction hypothesis, we assume that P (n) is
btrue for n > ny and we then prouve that the proposition P (n+ 1)
at the next rank is true. (P (n) = P(n+1)).

3 rd step: (Conclusion) Finally in the conclusion, we recall that by
the principle of induction ¥n > ng, P (n) is true.
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Example 1

Show that Vn € IN : 72" — 1 is divisible by 12. (12/7?" —1) .
Let us note by P (n) : 72" — 1 is divisible by 12.
Let us show by induction that Vn € IN,P (n) is true.

1 st step : (Initialization) For n =0, we have 720 —1=1-1=0
as 0 is a multiple of 12 (0 = 12.0), then P (0) is true.
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Example 1

@ 2 nd step: (heredity) we assume that P (n) is true for n > 0 and we
show that P (n+1) is true.
That is, we assume that 727 — 1 is divisible by 12
(72" — 1 = 12.k with k € N)
and we show that 72("t1) — 1 is divisible by 12
(7200 —1 =12 with / € N)

@ We have
12/7%" —1=3keN:7"-1=12k = 7" =12.k + 1.
72(n+1) —1= 72n+2 —1= 72_72n -1
=49 (12.k +1) — 1
—49.12.k +49 — 1 = 49.12.k + 48
= 49.12.k + 12.4 = 12. (49k + 4)
= 12/ with | = 49k + 4 € N.
Which proves that 72("t1) — 1 is divisible by 12.

@ So P(n+1) is true.
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Example 1

@ 3 rd step: (Conclusion) By the principle of induction, we deduce that
P (n) is true Vn € IN, that is to say, Vn € IN :
7?7 — 1 is divisible by 12.

o Remark :

07" —1=12k=T7"=1+12k
= 727" =72 (1+12.k) =7+ 72.12.k
=722 _1=7247212.k—1
= 7272 1 =48+ 7%12.k = 12. (4 + 49.k) = 12./.
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Example 2

@ Show by induction that
n 1
VneN* S, = ) k:1+2+3+...+n:”(”2+>.
k=1
o 1 st step : (Initialization) for n = 1,we have
1 1.(1+1
S =y k1= 20+
k=1 2
So the property is true for n =1

=1

1
e 2 nd step : (heredity) suppose that S, = nln+1)

(n+1)(n+2)

and show that 5,1 = 5

0 26 / 29



Exemple 2

n+1
© Wehave S,11= ) k=1+2+3+...+n+(n+1)
k=1
Sn
n(n+1)
2

therefore Sp11 =S, + (n+1) =
(induction hypothesis)
n(n+1)+2(n+1) (n+1)(n+2)

2 2
(n+1)(n+2)

2
@ That is to say that the property is true for n+1

+(n+1)

so Sp11 =

@ 3 rd step : (Conclusion) By the principle of induction, we deduce that

- 1
Vne N, 5, = k:1+2+3+...+n:”(”2+>
k=1
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Sum and product symbols

n n n
@) sum:aitatat..ta, =) a=)a=La
k=1 i=1 j=1

n terms
n
e agtatataz+..+a, =Y ax
k=0

~~

(n+1) termes
Vk =1,2,...n, we have a, = a then

n
Y a=atatat..+a=na
k=1

-

n terms
n
o Ifa=1then } 1= nand
k=1
n
Y1=1+1+.+1=(n+1).1=n+1
(n+1) terms
n n n n n
o Y (ak+by)= Y ak+ ¥ bk, X Aax =AY ax,where A € R.
k=1 k=1 k=1 k=1 k=1
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Sum and product symbols

n

4 H product . d1.d2.43....dp — Hak — dp.d1.d2.43....dp — E dg

n terms (n+1) terms

n
o IfVk=1,2,...n, we have a, = a then H a=ga.aa.a=a"

k=1
n terms
n
okl_[:llzgi;;zlnzlznand
n terms
oHl_lll 1=1"1= 1Hk_123 = n! (factorial n) .

( + 1) termes

° H ak.by) <H ak> . (ﬁ bk) , ﬁ)xak =A" ﬁak, where
k=1 k=0 k=1
A e R.
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