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Remedial exam

Exercise 1 (7 pts)

(1) Leta,b > 0.
Show that :

a+l _ b+l _, ,_p

b a
(2) Show that the following proposition is false :

Vx,y € R, Jx? +y? =x+y.

(3) Letx,y € R.
Show that :

X ” Y
Z+x+1 y2+y+1

x#yandxy #1 =

Exercise 2 (7 pts)

Let /:R* >R and g : R** — R\{1} be two maps.
1

1
x— 11— x_2 x— 1- x_2
(1) Determine fi{-1,1}) and f1({1}).
(2) f is it injective? Surjctive?

(3) Show that the map g is bijective and determine g'.
Exercise 3 (6 pts)

We define on the set of integers Z the relation R, called congruence relation modulo n, by :
Vx,y € Z,xRy < x = y[n]) & Gk € Z,x -y = nk).

(1) Show that R is an equivalence relation.
(2) Determine the quotient set Z/R for n = 3.

Good luck
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Examen de rattrapage

Exercice 1 (7 pts)

(1) Soient a,b > 0.
Montrer que :

a+l _ b+l _, ,_p

b a
(2) Montrer que la proposition suivante est fausse :

Vx,y € R, Jx? +y? =x+y.

(3) Soient x,y € R.
Montrer que :

X ” Yy

xzyetxy =1 =
yEA 2+x+1 0 yr4y+1

Exercice 2 (7 pts)

Soient /: R* — R etg :R* — R\{1} deux applications.
1 1

x—=l-— x> 1l-—
X X
(1) Déterminer f{{-1,1}) et £ 1({1}).
(2) f est-elle injective? Surjctive?

(3) Montrer que I'application g est bijective et déterminer g~'.
Exercice 3 (6 pts)

On définit sur 'ensemble des entiers Z la relation R, appelée relation de congruence modulo =, par :
Vx,y € Z,xRy < x = y[n]) & 3k € Z,x —y = nk).

(1) Montrer que R est une relation d’équivalence .
(2) Déterminer 'ensemble quotient Z/R pour n = 3.

Bon courage
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Exercise 1 (7 pts)
(1) Leta,b > 0.
Let’s show by contradiction that :

b - =a=5b
Assume that ";;1 = bjl'l anda # b (0 5)
arl —bal o @+ =+ Db

=d+a=b+b=a*-b*+a-b=0
= (a-b)a+b)+(@-b)=0 (1)
= (a-b)a+b+1)=0
andasa # b, thena+b+1=0
This is a contradiction, because a,b > 0. (1)
Conclusion:a;;1 = bjl‘l —Sa=b

(2) Let’s show by giving a counter example, that the following proposition is false :

Vx,y € R, Jx? +y? =x+y.

To show that this proposition is false, it suffices to find x,y € R such that /x> +y? = x + y is false. (1)

3x=-landy=2suchthat /(-1)?+2%> = /5and x+y=-1+2=1=% /5, (1)
(3) Letx,y € R.
Let’s show by contraposition that :

zyandxy # 1 = X # Y
ey v 2+x+1 yr4y+1
b = Y = x(?+y+1)=p(x* +x+1
x2+x+1 yr+y+1 O ry+ D) = ) (1)

= xp2+xy+x=ypxZ+yx+y

= x2+x—-yx> -y =0

=x0p-x)+x-y=0

= @=-y)1-xy) =0

=x-y=0o0orl-xy=0 (1)
=x=yorxy=1

Finally:x #yandxy # 1 = X # 4
Y x=y v 4+x+1 0 yr+y+1 (0’5)
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Exercise 2 (7 pts)

Let /f:R* >R and g : R** — R\{1} be two maps.

X — l—% X — 1—%
X X
(1) Determine fi{-1,1}) and f1({1}).
A1) = D03 = f1= =L - o) (1)

A ={x e R* 1 flx) = 1}

ﬂx)zl@l—x%zlﬁ%zo.

. 1
There is no real x such that x% =0,s0f/'{1}H) =@ ( )

(2) f is it injective? Surjctive?

f is not injective, because, from (1) we have f(-1) = f(1) = 0 (l)

[ is not surjective, because, from (1) we have /!({1}) = &, that is there exists y = 1 € R which has (1)
no preimages in R*.

(3) Show that the map g is bijective and determine g~!.

g is bijective < g is injective and surjctive.

(i) Let x1,x, € R** such that g(x;) = g(x2)

g(xl)zg(XZ)ﬁl—x%z —x%zx%zx%
1 2 1 2
= x1 =x3 = |vi| = vy (1)

= x| = x,, because xi,x; € R*",
So, g is injective.
(ii) Let y € R\{1}. Let’s look for an x € R** such that y = g(x).

y=gkx)=>y-= 1—% = % =l-y=>x’= #becausey e R\{1}.
X X =)
=X = + e R™,
-y
| o N (1)
So, Vy € R\{1}, 3x = e R*" : y = g(x), which implies that g is surjctive.

JI-y
Conclusion : as g is injective and surjective, then it is a bijection from R** into R\{1}, and its inverse
i . _
g ! is defined by :
R} R (1)
1

JT=v

yl—)

Exercise 3 (6 pts)
We define on the set of integers Z the relation R, called congruence relation modulo n, by :
Vx,y € Z,xRy < x = y[n]) & 3k € Z,x -y = nk).

(1) Let’s show that R is an equivalence relation.
R is an equivalence relation < @R is reflexive, symmetric and transitive.
(i) R is reflexive : Vx € Z,xRx
Letx € Z. We have
x—x=0=0n=3k=0eZ,x—x=0.n
= x = x[n]
= xRx (1)
Then R is reflexive.
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(1)

(1)
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(if) R is symmetric: Vx,y € Z, (xRy = yRx).
Let x,y € Z, such that xRy. We have
xRy =>x=ynl=3kelZ x-y=kn
= 3dke Z, —(x—y) =—(k.n)
= JdkeZ y—-x=(k).n
=3k =-kel y-x=k.n
= y = x[n] (1,5)
= yRx
So, R is symmetric.
(iii) R is transitive: Vx,y,z € Z, (xRy A yRz = xRz).
Let x,y,z € Z, such that xRy and yRz. We have

xRy x=ynl=3ke Zx-y=kn
=
y=znl =3k e Z,y-z=k'.n

{ Jdk e Z,x—y=kn

Y

k' e Z,y—-z=k.n

We have then (x —y)+(y—z) = k'.n+kn = (k+k')n
Setting k" = k+ k' € 7Z, we have

x—z=k'n= x=z[n] = xRz

Therefore R is transitive.

As R is reflexive, symmetric and transitive, then R is an equivalence relation
(2) Let’s determine Z/R = Z/nZ for n = 3.

0=cl(0)={p € Z: pRO}

pRO :>_sz[3]2>§|1{€ Z,p—-0=3k= 3k e Zp=3k (0’5)
Hence 0 =cl(0) = {3k,k e 7} = {...,-9,-6,-3,0,3,6,9,... }

T=cl(l)y=1{p eZ:pRl}

PRIl =p=131=3JkeZ, p-1=3k= 3k e Zp=3k+1.

(1,5)

Hence T = {3k+ 1.k € 7} = {....-8,-5,-2.1,4.7.10,...} (0,5)
2=cl2)=1{p € Z: pR2}

pR2 :>_pz2[3]:>ElkeZ,p—2=3k:>ElkeZ,p=3k+2. (O 5)
Hence2 = {3k+2,k e 7} = {...,-7,-4,-1,2,5,8,11,... }. '
3e(_):>§=6,4eT:>Z=T,5e§:>§=§i... (0’5)

We notice that : Vx € Z, x e 0orx e Torx € 2
Hence /% = {0,1,2}
Notation Z/R = 7/37 = 75. (0,5)
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