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Course questions (6 pts)

(1) Can a binary relation be both symmetric and antisymmetric?

Let R be a binary relation defined on a set E which is both symmetric and antisymmetric.

Let x,y € E be such that xRy. By symmetry, we haveyRX (0,5)

So by antisymmetry, we have x = y. (0’5)

So: Vx,y € E.xRy = x = y.

Conclusion: The only binary relation that is both symmetric and antisymmetric is equality. (0’5)

(2) Let R be a reflexive binary relation defined on a set E such that :
Vx,y,z € E : xRy and yRz = zRx.

Such a relation is called circular.

- Verify that R is an equivalence relation.

R is reflexive. (0,5)

Let x,y € E, such that xRy.

We have Vx,y,z € E : xRy and yRz = zRx.
For z = y, we have xRy and yRy = yRux.

So, R is symmetric. (0’5)

Let x,y,z € E such that xRy and y*Rz.

xRy and yRz = zRx = xRz because R is symmetric. (0,5)
Therfore R is transitive.

Conclusion : R is an equivalence relation. (0,5)

(3) Let S be a reflexive and transitive relation defined in a set E and A another relation
defined in E by :

Vx,y € E, xAy < xSy and ySx.
- Check that A is an equivalence relation.

We have Vx,y € E, xAy < xSy and ySx
Fory = x, xAx & xSx and xSx, then A is reflexive because S is reflexive.
We have Vx,y € E, xAy < xSy and ySx < ySx and xSy < yAx
Then A is symmetric.

Let x,y,z € E such that xAy and yAz.

(0,5)

(0,75)


(6 pts)

yRx

(0,5)

(0,5)

(0,5)

(0,5)

(0,5)

(0,5)

(0,5)

(0,5)

(0,75)


XAy xSy A ySx xSy A ySz
) )
Az vSz A zSy ySx A zSy

xSy A ySz
-
zSy A ySx

Sz | ) (0,75)
= because S is transitive.
zSx
= XAz
So, A is transitive.
Conclusion : A is an equivalence relation. (0,5)

Exercise 1 (8 pts)

We notice J = ]1,+x[. Let fand g : J — J be two maps defined by :

2
Vx e J, fix)y=1+ ﬁ2—1 andg(x)z(‘/‘/iii).

(1) Determine £ ([2,4]) and g '({9}).

£(12,4D = {fw), x e [2.4[}
xeRA[=2<x<d=> R < F<2=>2-1<F7-1<1

=2<—2 <2 (0,5)

-2 -1
2 2
:3<1+ﬁ—lgl+ﬁ
J2 +1
:>3<ﬂx)Sﬁ_1 (0’5)

= 3 <flx) <3+2/2
Thenf([2,4D) = [3,3+2J2[.  (0,5)
g9 = {x € J, gx) = 9}

2
g(x)=9z(ﬁ+l) =9

Jx =1

RS (0,5)
Jx -1

= A +1=3/x-3

= Jx =2

=x=4

So, g7'({9}) = {4}. (0.5)
(2) Show that f'is a bijection from J into J and determine its inverse map.

Let’'s show that 1" is injective.
Letxi,x; € J.

f(X1)—f(X2):>1+m—1_l+m—1 (0,5)
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= X1 -1= /2 -1
= 5T = J%2
= X1 = X2
= f is injective.
Let’s show that f is surjective.
Lety e J let’ look for x € J, such that y = fix).

2 y—1 1
= :1 =

(0,5)

=51 - (0,5)

We have
2 2 2
(%) 1= v+ l(l_ 1(;/2 D° _ (yityl)z > 0, because y > 1 (0,5)
Then
_ (y +1 )2 _
Vy e J,J3x=|=——=—| € J,suchthaty = fix)
y—1
That is f is surjective. (015)
Consequently, f'is bjective.
Vy e ,Vx € J, y = fix) & x =f(y) (0,5)

1 J— Jdifined by :

wernrw=(21) (05)

(3) Check that : Vx € J, g(x) = (fix))°.
Letx e J.
2 2 2
B 2 (X -1+2 o Jx 1 B
wr = (1) -(F) - (1) - @

(4) Deduce that g is a bijection from J into J and determine its inverse map.

We have Vx e J,g(x) = (ix))? = (h o f)x), where h(x) = x> (0,5)
As fand #h are bijective from J into J, then g is bijective from Jinto J, and we have :

£ = (o) ') = /o) 2 (0,5)
We have A'(x) = /% and f(x) = (%)
2
then, ¢/ = (h=) ") = < 760 = e = (21 ) = et
gl =g (0,5)

Exercise 2 (6 pts)

(1) Show that the following proposition is false :
V n e N, the integer n? + n + 11 is prime.
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Forn = 10, we have 102 + 10+ 11 = 121 = 112 = 11 x 11 (1)

That is the integer 102 + 10 + 11 is not prime.

dn =10 e N, such that the integer 10?> + 10 + 11 = 121 is not prime. (1)
That is the proposition : V n € N, the integer n% + n + 11 is prime, is false.

(2) Show by induction that :

v 11 1 1 1 1
VHEN,/;F—F'F?‘F?'F.“‘F?Sz—W.

15 step: (Initialization) for n = 1,we have
1
1 1 1
- =—==1<1=2-=.
gE v ! (0,5)
So the property is true for n = 1. ’
2 step: (heredity )

Assume that Z Ea % + # + 3—12 +...+ﬁ <2- % and show that
n+l
11,1, 1, 1,1 __1 0,5
D A T (0.5)
We have
n+l n
1 1 1 1 1 1
= = =+ = 4.+ + =) —
k; k12 22 n? (n+1)> kzl k? (n+1)2 (0,5)
therefore
n+l 1 n 1 1 1 1 d h h
— <2——+ induction othesis
kgik2 kgikz (n+1)> o (m+1)? ( P ) (0,5)
n+1)?*=n
<2———
(n+1)? (0,5)
<p_ni+n+l
(n+1)?
£2—L12because—(n2+n+1)£—(n+1) (0,5)
(n+1)
S zl 1
o,
T+l
| (0,5)

That is to say that the property is true for n + 1.

37 step : (Conclusion) By the principle of induction, we deduce that :
A S D B | 1 1

VneN,gp—F+?+?+...+?S2—ﬁ. (0’5)

Good luck
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