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Exercise 1 (8 pts)

We define the maps /: R — R*and g: Rt — [2,+w[ by :

Vx e R, ix) = 1+ 41 +x+x?
Vx € R, glx) = 1+ 41 +x?
(1) Find f ({x e R\x? +x—a(a+1) = 0, where ¢ € R*}) and /' ({y € R"\ 2| = 1}).

(2) Is f injective? surjective? bijective?
(3) Show that g is bijective and determine g!.

Exercise 2 (6 pts)

Letn € N*.
(1) By a direct proof, show that :

n is a multiple of 3 = »3 is a multiple of 3.
(2) Using the contrapositive, show that :

n3 is a multiple of 3 = # is a multiple of 3.
(3) Show by contadiction that /3 is anirrational number .

Exercise 3 (6 pts)

In R we define the binary relations R and S by :
Vx,ye R,xRy &x-yel
Vx,y e R, xSy &< x-y eN
(1) Show that R is an equivalence relation.
(2) Determine the equivalence classe of %

(3) Show that S is an order relation.
(4) Is this order total?

Good luck


Is f

an

is an


Abou Bekr Belkaid University - Tlemcen Academic year: 2023 - 2024
Faculty of Sciences Module : Algebra 1
Department of Mathematics L1 Math+Ml

_ AR,
&
2

Final exam answer key
Exercise 1 (8 pts)
We define the maps /: R — R*and g: Rt — [2,+w[ by :

Vx e R, fix) = 1+ 41 +x+x?
Vx € R, glx) = 1+ y1+x?
() Find f ({x e R\x?>+x—a(a+1) = 0, where a € R*}) and £ ({y € RA\ 2l =1}).
Weputd = {x e R\x? +x—a(a+1) =0, wherea € R*}and B = {y € R"\2|y| = 1}.
We have x>’ +x-a(a+1)=0 = x*-a’+x—-a =0
S @-—a)x+a)+x-—a=0
@(x—a)(x+a+l)=0 (1)
Sx=a0rx=—-o-1
Then 4 = {a,—a -1}
fi) = fla)fica— 1)} = {1+ T+a+a 1+ [T+(a-D)+(a-1)7}
:{1+,/1+a+a2,1+,/1++a+a2}={1+,/1+a+a2}. (0,5)
_ Aoyl =11 = Ayl = Lo (L
B={y e R\2y|=1}={y c R\l =2} = {Z}. (0.25)
SUB) = {x e R:fix) = 3}
f(x)=%:>1+,/1+x+x2 =%:> 1 +x+x? =%— =—%
1

3
= 2-}- +==0
X X 2

(0,5)

= l+x+x2 =

This equation has no solution because its discriminant A = -2 < 0.

So, /1(B) = @. (0,25)
(2) Isf injective? surjective? bijective?

f is not injective, because 3x; = a,x, = —a — 1, such that :
a#-a-landfla) =fl—a-1) =1+l +a+a?, fora e R*™.

f is not surjective, because, 3y = % e RY ,Vx e R: flx) # %

(1)

That is, there exists y = % e R*, which does not have a preimage. (1)

As £ is neither injective nor surjective, then it is not bijective. (0,5)
(3) Show that g is bijective and determine g~'.

gisinjective & Vxi,x; € R¥,(g(x1) = g(x,) = x1 = x2) (0,25)

Let X1,X2 € R+,

gx1) = glx,) = 1+ J1+x7 =1+ J1+x3

= JT4xt = [T+ = 1451 =143
= x3 =x3 = |[x1] = |2
= x; = x,, because x;,x; € R*. (0,75)

Hence g is injective.
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g is surjective < Vy € [2,+[,3x € R* : y = g(x). (0,5)
Lety € [2,+oo[. Let’s look for an x € R*, such that y = g(x).
y=gx) =>y=1+J1+x* =>y-1=J1+x2
= @-1)=1+x2
=x>=(-1)>-12>0, because y > 2.
= x = i‘/(y— 1)?*-1 = i‘/yz—Zy
Vye[2,+oo[,3x=meR*:yzg(x)=1+m. 1
So, g is surjective. @)
As g is injective and sirjective, then it is bijective. (0,25)
Vy € [2,+o[,Alx = 3?2y e R* :y=g(x) =1+ 1 +x%.

Hence, g admits an inverse map g! : [2,+0[ — R* defined by :

Vy € [2,+0[, g7'(v) = J¥* - 2.

(0,75)

Exercise 2 (6 pts)
Letn € N*.
(1) By a direct proof, show that :
n is a multiple of 3 = #3 is a multiple of 3.
nis a multiple of 3 = 3k e N* : n = 3k
n® = (3k)} = 333 = 3(3%3) = 31 with / = (3%k*) e N*.
That is 3 is a multiple of 3
(2) By using the contrapositive, show that :

(1,5)

n3 is a multiple of 3 = # is a multiple of 3.
Let’'s show that :
n is not a multiple of 3 = »* is not a multiple of 3. (0,5)

nis nota multiple of 3 = n =3k+1o0rn=3k+2, where k € N*.  (0,5)
If n = 3k+1, thenn® = Bk +1)> = 333 + 33k)* + 3(3k) + 13

=33%k* +3%k*+3k)+1 =31+1
with 7 = (32k3 + 32k + 3k) e N*.
That is »n3 is not a multiple of 3.
If n = 3k+2, then n® = 3k +2) = 333 +3.2.(3k)? + 3.22.(3k) + 23

=3%3+3.2.3k)* +3.22.3k) + 6 + 2

(0.5)

=332 +2.32k* +22.3k+2)+2 =31 +2 0.5)
with I = (32k3 +2.3%k* +22.3k+2) € N*.
That is n3 is not a multiple of 3.
Therefore,
n is not a multiple of 3 = »3 is not a multiple of 3.
Consequently
(0,5)

n3 is a multiple of 3 = # is a multiple of 3.

(3) Show by contadiction that 3 is an irrational number .
We assume that : {3 is a rational number.
B ea=y3= % with a and b are natural numbers that are prime to each other. (g 5)

=3 = g—i = a’ = 3b* = a? is a multiple of 3.

= a is a multiple of 3. (0,5)
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So, a = 3k with k e N*.

Hence, a® = 3b° = (3k)* = 3b° = 33k° = 3b°
= b = 3(3k%)

= b3 is a multiple of 3.
= b is a multiple of 3.

a and b are both multiple of 3, which contradicts the hypothesis.

(a and b are prime to each other).
Conclusion : ¥3 is an irrational number.
Exercise 3 (6 pts)

In R we define the relations R and S by :

Vx,ye R xRy &x-yel
Vx,ye R, xSy &<x-yeN

(1) Show that R is an equivalence relation.
R is reflexive < Vx e R, xRx.

Letx € R.

We havex—x =0 € Z = xRx.

Hence R is reflexive.

R is symmetric<= Vx,y € R,(xRy = yRx) .
Letx,y € R.

xRy =>x-yel=3%keZl:x—y=k=3kel:-(x—y)=—k
=3dkeZ:y-x=—-k

(0,25)
(0,25)

(0,25)

=3k =-keZ:y-x=Fk
=x-yel

= yRx

So, R is symmetric.

R is transitive < Vx,y,z € R,(xRy A yRz = xRz) .

Letx,y,z € R.

XRy x-yel dkeZ:x-y=k
) )
VRz y—zel Ak ez :y-z=Fk

= x—-y)+@-2)=k+k

=>x-z=k+k

=3 =k+k eZ:x-z=k"

=>x—-z e/
= xRz
So, R is transitive.
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As R is reflexive, symmetric and transitive, then it is an equivalence relation.

1

(2) Determine the equivalence classe of >

cl(%) =@= {er:xR%}.
RE=x-Lez=akez:x-L =k

2 2 2

zEIkeZ:xz%+k.

o) -0 - (onnet} = (Bhoeah - fon
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(3) Show that S is an order relation.

S is reflexive < Vx € R, xSx. (0,25)
Letx € R.
Wehavex—x =0 € N = xSx. (0,25)

Hence S is reflexive.
S'is antisymmetric<= Vx,y € R,(xSy AySx = x =y). (0,25)
Letx,y € R.

xSy x—-yeN dieN:x—-y=k
= =
ySx y—x €N k' eN:y—-x=Fk
= =)+ (=) = k+ K
=k+k'=0

(0,5)
= k=k=0, because kand k' € N
=>x=y
So, S is antisymmetric.
S'is transitive < Vx,y,z € R,(xSy A ySz = xs2) . (0,25)

Letx,y,z € R.

{xSy {x—yeN {EIkeN:x—y—k
= =
Sz y—z e N k' eN:y—-z=Fk
=S x-y)+@-z)=k+k
=x—z=k+k
=3K" =k+k eN:x-z=k" (0,5)
=>x-zeN
= xSz
So, S is transitive.
As S is reflexive, antisymmetric and transitive, then it is an order relation. (0,25)
(4) Is this order total?
This order is partial, because

Elle,yzl € R, Suchthatx—yzl—lzl §ENandx—y=L—l=—L ¢ N.
2 3 2 3 6 3 2 6 (0,5)
That is, 3x = % y = % e R, such that x and y are not comparable (xNy and yNx). ’

Good luck
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