Université Abou Bekr Belkaid de Tlemcen S1 LMD M et MI (2023/2024)

Faculté des Sciences 1 heure - le 14 décember 2023.
Controle Continu d’Analyse 1

Question de Cours (4 points)

Trouver le module et 'argument du nombre complexe : Z = (eie + ezw) , 0 €], 27].
Exercice 1 (6 points)

Soit ’ensemble E = {COS(WTW) +e "l neZme Z*} .

1. Montrer que E est borné. (3 points)

2. Déterminer sup F, inf E et max FE, min F §’ils existent. (3 points)

Exercice 2 (5 points)

Trouver les limites des suites suivantes définies par leurs termes généraux :
10 = cos(mysin (1) (0 € 1°).(2 points) 5 2/Va =" ———. (n & 1) (8 points)
n=cos(n)sin(—),(n . oints) ; =) ——,(n . oints
n P —Vn?+k P

Le téléphone portable est strictement interdit. Bon courage.

Abou Bekr Belkaid University of Tlemcen. 1st grade LMD M and MI (2023/2024)

Faculty of Sciences 1 hour - the 14" of december 2023.

Continuous Control of Calculus 1

Theoritical Question (4 points)
Find the modulus and the argument of the complex number : Z = (ew + ezie) ,0 €], 27].

Exercise 1 (6 points)
Let be the set £ = {COb(mﬂ) +e "l neZme Z*} .
m

1. Show that E is bounded. (3 points)
2. Find sup F, inf F and max F, min E if they exist. (3 points)

Exercise 2 (5 points)

Find the limits of the following sequences defined by them general terms:
1/U,, = cos (n) si <1> (n € N*). (2 points) ; 2/V, En ! (n € N*).(3 points)
n=-cos(n)sin| —],(n . ; =y ——,(n .
n P — n? 4+ k P

Cell phones are strictly prohibited. Good
luck.



Abou Bekr Belkaid University of Tlemcen. 1st grade LMD M and MI (2023/2024)

Faculty of Sciences 1 hour - the 14*" of december 2023.

Correction of the Continuous Control of Calculus 1

Question de Cours (4 points)

Find the modulus and the argument of the complex number : Z = (ew + e2i9) ,0 €], 27].
7 - (eie + ezw)
iy 0.
= e (eTl + 65‘) (1 point)

3i0 .
= 2cos <2> e> (1 point)

>

Because Vz € C,z = €' =z =¢7® (o € R) and Vz € C, z + Z = 2 Re(2).

Considering that z = cos(«) + isin(«), (i.e. |z| = 1), then z + Z = 2 cos(w).

0
Since 6 €], 27, then 3 € |Z, 7] which means that cos (§) < 0. So,

Z = —2<—cos(9>>e?’ge
2

In conclusion

|Z|:—2COS(3)=|QCOS(g)| o oin
{2 (0 €lr.27) . (1 point)

Exercise 1 (6 points)
cos(mm) _
Let be theset E={ ——~ +e "l neZ mez*}.
m

1. Show that E is bounded.
Method 1 : One has

‘Cos(mw) Len] < cos(mm) N ‘e""‘
m m
< i + e—\”|
Iml
< 2
Because
|cos(mm)| < 1,Vm € Z*
eIl <1,vn e Z.
ﬁ <1,Ym € Z*
cos(mm)

So, Ja=2>0/Vn € Z,Vm € Z*, + e~I”l] < 2. Which means that E is bounded by 2.(3 points)

Method 2: One has



—1 < cos(mm) < 1,Vm € Z*
-1< L <1,VmeZ

o g < oslmm)

m

(One may study positive then negative cases).

And since
VneZ0<e " <1
then,
1< cos(mm) el <,
m
cos(mm)

So,da=—1and B=2/Vn€Z,YmeZ 1< +e Il <2, (3 points).

2. Find sup F, inf £ and max F, min F if they exist.

We may write E' as ' = E; + Fo where : F = {Cos(mﬂ),m S Z*} and Fy = {e"”',n S Z}.
m

cos(mr)

One has: Ym e Z*, —1 < <1.

m

and when m = —1, M =1, s0 1 € F; which means that : max F; =1 = sup E; = 1(0.25 point)
m
and when m =1, M = —1, so (—1) € Eq, which means that : min £y = —1 = inf E; = —1.(0.25 point)
m

Now, since Vn € Z,0 < e " <landn=0=e1"l =1,s0 1 € E»,
which means that : max Fo =1 = sup Fy = 1. (0.25 point)

But 0 ¢ Ey(i.e.fn € Z, /0 = e~ "), so we have to show that : inf Fy = 0 :
Using the infimum characterization :

Ve >0,z € E3/0 <z <0+¢ (0.25 point)
Let bee >0,37peN/e P <e

< €

= —p<lne
= p>—Ine
=

1
p>1In—
€

p exists because R is Archimedean. It is sufficient to take : p= E (In1) + 1.(0.5 point)

So:
1
V5>O,Elp:E<ln€>+1 eN [/ eP<e

In concusion inf F5 = 0.(0.25 point)

Furthermore, since 0 ¢ E5 then min E» doesn’t exist.(0.5 point)
Finelly :
supE = sup(Ey + E2) =sup Eq + sup E2 = 2 = max £(0.25 point)

inf B = 1nf(E1 + EQ) = inf E1 + inf E2 = —1(025 pOil’lt)
min F doesn’t exist.(0.25 point)



Exercise 2 (5 points)

Find the limit of the following sequences defined by them general terms:

1/U,, = cos (n) sin (i) (e, 2V, neN).

n 1
=2

1/ Since ¥n € N*, |cos (n)| < 1 and sin (1) — 0 then lim [cos (n) sin (1)] = 0.(2 points)
2/ One has :
1 < k<n
= 14+4n’<k+n><n+n?
= V1+n2<Vk+n2<Vn+n?
1 1 1
= < <
Vn + n2 Vk +n2 V1 +n2
=

Yoloey L oey L
— n + n? — k+n? — 14+ n2
- 1 - 1
= 1 — | <V, < 1 _—
(,;)(wwrn?)_ <;><\/l+n2>
= (" ) <V, < (n )
Vn+nz) — " T \WV1+n2
n n
= lim|— | <limV, <lim| —
(\/7?) - (x/ﬁ)

1<l1limV, <1

lim V,, = 1 according to the three sequences theorem.(3 points)

$od



