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Exercice 01: Calculons les primitives suivantes:

I :/cos7xdx: %sin?x—f—c,ceR.

I, = /sinm(cosx)3 dx.

On pose: t = cosx = dt = —sinzdz, ce qui donne:
4 4
I = —/t3dt: —Tte= —(Cozx) +eceR.

I = /dez - <—;> /(—233) (1-22)7 da.

On pose: t =1 — 2% = dt = —2zdx, ce qui donne:

1 . 1\ t2+!
I; = (=) [tzat=(-2)"—
’ < 2)/ < 2)§+1+C
3

=lnr=dt= %dw, ce qui donne:

t2 Inz)?
I4z/tdt:5+c:f(n;) feceR

On pose: t

I = /e”” (1+e”)* da.

On pose: t =1+ e* = dt = e*dx, ce qui donne:

t5 z\9
I5:/t4dt:g+c:—(e5) +c:e5 +c,ceR.

-2
e [ e,
z(1+Inx) z

Onpose: t=1+Inz=dt = %da; ce qui donne:

t—2+L (1+nz) " 1
I = [ t72dt = = =— R.
6 / _2+1+c 1 +c l_an—i-c,ce

arctanx
I; = —d
7 / 1+ 22 v
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On pose: t = arctanx = dt = dx, ce qui donne:
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Exercice 02: Calculons les primitives suivantes, en utilisant I'intégration par parties:
I = /x2 cos xzdzx.
Par parties on pose: v = 2% = v/ = 2xdx et v/ = cosx = v = sinz,

I :u(x)v(x)—/u'(x)v(x)dx

I, = 2®sinz — Q/msinxd:c,

on pose:
J = /xsinxdx.
Par parties on pose: u =z = v =dz et v =sinz = v = —cosz,
Ji =u(z)v(v) —/u’(x)v(x)da?
J = fzcosa:Jr/cosxd:z: = —xcosx +sinz,
D’oui:
I, = a?sinz —2(—xcosz +sinz) +c

= (x2 72) sinx + 2x cosx + ¢,c € R.

I, = /:E" In zdx.

i - r_ 1 I n _ ztt
Par parties on pose: u =Inz = v = ;dr et v’ = 2" = v =T,

Igzu(x)v(x)—/u’(x)v(x)da:

n+1 n+1 1

I, = x lnwf/m —dx
n+1 n+1x
zntl 1

z"dx

Ing — ——
n—i—lnl” n+1
xn—i—l 1 xn+1

= Inz —
n+1nx n+1<n+1>+c

n+1 1
-z Ine ——— | +c,ceR.
n+1 n+1




I3 = /arccosxdm.

Par parties on pose: u = arccosx = ul = _#dﬂf et U/ =l=v==z
V1—x2 ’

I3:u(x)v(x)—/u'(x)v(x)dx

X
I3 = xarccosx+/7dz
° V1—2a?
/ —2x d
= garccost — | ————dx
2¢/1 — 22

= wxarccosx — V1 —a2+c,ceR.
I :/%dx.
(cosx)

Par parties on pose: u =z = v =dz et v/ = - = v = tanz,

I4:u(x)v(x)—/u'(x)v(x)dx

—sinx
Iy, = xtanzf/tanxd:p:ztaner/ dz
cos x

= zxtanz +In|cosz|+¢,c e R.

Is = /:Earctanacdm.

1 ! _ _
—H_m?dmetv =r=v=

Par parties on pose: u = arctanx = u’ = 55

I5:u(x)v(a:)—/u’(33)v(a:)dx

Is = anchtaunm—lfx2 T
2 2 ) 1+ 22
x? 1 f2241-1
= ?arctanx—§/ﬁd9&
2
= %arctanm—%/dx—i—%/ﬁdm
22 1 1
= Earctanx—im—l—iarctanx—i—c,cER.
Is = T arcsin x o
V1—22

1

Par parties on pose: u = arcsinz = u' = ﬁdx et v = \/ﬁ7 =v=—V1-—122

IG:u(x)v(x)f/u’(x)v(z)d:c

1 2
Iy = —\/1—x2—§/ Y dz

14 22
x? i+ \/lfa:Zd
= —arcsinx ———dx
2 V1— 22
2

X .
=) arcsinx + | dx

2
= iarctanx—i—m—&—c,cER.



Exercice 03: En effectuant un changement de variable, calculer:
L= /sin (Inz)dz
On pose: t =Inz = dt = Ldz = dz = zdt = e'dt
I = /(sint) eldt
Par parties on pose: u = ¢! = u’ = eldt et v =sint = v = — cost,

I :u(x)v(a:)—/u’(a:)v(x)da:

I, = —elcost +/6t cos tdt,

on pose:
J1 = /et cos tdt.

Par parties on pose: u = e! = v’ = e'dt et v/ = cost = v = sint,
Ji=u(z)v(v) —/u’(m)v(x)dm

J = etsint—/(sint) el =elsint — I,

D’ou:
I, = —etcost + J; = —efcost + et sint — I
ce qui implique que:
2I; = —elcost+ etsint
1
L = 3 (—€'cost + e'sint) +¢,c € R.

p= Y1

-1
dz.
T

Onpose: 2= —1=de=2tdtet x =t>2+1

t ?24+1-1
I, = 2 ——@dt)=2[] ———"at
? /t2+1( ) / 211

_ 2/dt_z/édt
241

= 2t—2arctant+c,ceR

2vVx —1—2arctanvx —1+c¢,ceR

z
13:/ CcoS X de
o (1+sinz)

On pose: t =sinz = dt = coszdr, deplus: siz =0=t=0etsiz =75 =1t=1,

1 1 1
I; = /ﬁdtz/ (1+t)"*dt
o (1+7%) 0

1
(14¢)~*!
4+ 1




142/:1 \/aQ—sz:zrza/j 1/1—(%)2dx.

Onpose:t:%édt:%dx:dx:adt,deplus: sir=—-a=t=—-letsiz=a=t=1,

1
I, = a2/ V1 —t2dt,
-1

on pose: t =sinz = dt = coszdz, de plus: sit=—-1=z2=—-Fetsit=1=1= 7, avec z = arcsint

Bl
I, = / V1 —sin? 2 cos zdz = a® / cos? zdz
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Exercice 04: Calculer les primitives des fractions rationnelles suivantes: (voir le cours des polynémes, para-

graphe décomposition en éléments simples)

2z — 1
Il_/(;v—l)(x+2)(a?—2)dm

2¢ — 1 o al + as + as
(z—1D(z+2)(z-2) =zz-1 z+2 2-2

avec:
¢ = lm -t by, L 5
YT i@+ (-2 37 a2 (-1 (z—-2) 12
et lim 20— 1 5
a3 = lim —————— = —.
3 es2 (x—1)(z+2) 4
D’ou:
ai a2 as
L = d
! /(m—1+m+2+x—2) v
1 1 )
= —_—— d —_ [
3/33—1 T /
= 771n|x71|filn|x+2|+fln|x72|+cCER
x
I, = d
2 /(x471) !
x B x B x
(@t=1)  @-1DE2+1) (@-D@+1)@+1)
. a1 " as asxT + aq
-1 z+1 2 +1"
avec:
I T 1 I T 1
= lim ——————=-,ap= lim —————— =
“ D@2+ 4P @D @2+1) 4
T 1 1

t agi = i _ !
ctattas = MG D@+ @-1) 2

(le i est le nombre complexe tel que le dénoménateur s’annule),

1.



par identification: a3 = —= et as = 0.
a1 as asx + aq4
I, = dx
2 /(9&—1+x—|—1Jr x2+1>

L de +1 1 dm—l/il dx
4 ) -1 4 ) z+1 2 ) 22+1

1 1 1
= Zln|x71\+zln|x+l|fiarctanerc,cER,

1 1
~In|(z-1)(z+1)| - iarctanerc,ce R.

4
3422243z -1
13:/x+x+2x .
(x—1)
34222 +3zx—1 23 +22+3zx—1 10z — 5

3 = =rv4+4+ —"-

(z—1) 2 -2z +1 2 —2x+1
10x — 5
= z+4+

(¢ —1)"

par la division euclidienne
224+ 222 +3x—1 ] 22 -2zx+1

—z3 4222 —x T+ 4
422 + 22 — 1
—42? + 8z —4
10z —5
I; = /x—|—4—|—10x72d1:
(z—1)

10x —10+10—-5
/:vdx+4/dx+/ x t dx
(z —

2
d
x—+4x+10/ da:+5/7x2
2 x—1 (x—1)

2

)
JL—|—4w—|—101n|gc—1|—7—|—C,CER.
2 z—1

2 +z+1
I, = | —dux.
4 /m2—m+lx

Remarquons que le A =1 —4 = —3 < 0 du polynéme 22 —z + 1 = 0.

2 -z +1 2 —x+1 - +x2—x—|—1
B 1+2z71+171+ 20 — 1 n 1
o 22—x+1 22 —xz+1 22-—2+1

20— 1 1
I, = 1 d
* /( +.’IJ2—.’E—|—1+.’IJ2—.’E—|—1> v
2 —1 1
d —d —d
/ $+/m2—z+1 x+/:c27x+1 v

x—&-ln(mQ—x—&—l)—i—/;dm

24z +1 22—z 4142z 1 2x

car:

1 1 1
?—r+l a?-wtg-g+l (p-1)P 48




I4:x+ln(x2—m+1)+/(

pour

1
(2171) 1
on pose: t = 2= = dt = Zdy = do = Pt

3 1 3 3 2z —1
J4:\g/tQJrldt:{arctantz{arctan( x\/g )

ce qui implique que:

4 20— 1
I, = x+1n(m2m+1)+3\g§arctan(x\/§ >+c,c€R
2 20 — 1
= z4+n(2>—z+1 +arctan(>+c,c€R.
( )+ 75 7

Exercice 05: Calculer:

L, = /cos3xdx:/6082xcosm dx:/(l—sinzx)cosx dmz/cosm dx—/sinzx(cosx)dx

. 1.
= 51n£c—§sm3m+c,c€R.

1 2
I, = /coszxsingxdz—/(cos:z:sinx)zdx—/<2sin2z> dx
= 1/sin2 (22) dz
= 3 ,
on pose: t:2x:>dt:2dw:dm=%dt
1 1 1
I, = g/sinztdt:§/§(l—0052t)dt
1 1
= — - — 2
16 dt 16 | <8 tdt
t 1 /1 .
= 1616<2SlHQt>+C,CER
1
= %—ﬁsinllx—i—c,ceR.

I3 = /cos2xsin3:cd:r.

On a 1
Cosasinb:i[sin(b—a)—i—sin(a—i—b)],
donc:
1., .
I; = /5[3111(31:—23:)—|—s1n(3x—|—2:l:)]d:c
= I nade+ L [sinsad
= 5 [ sinwde+ o [ sinbede
1 1
= ——cosx — —cosdT +c,c € R.

2 10



I /251na:+3cosazd
= | ———dx
4 3sinx + 2cosx

lére méthode: On pose: (voir chapitre divers changements de variables dans les intégrales)

2dz T
x = Qarctanz:dwzi,(z:tanf)
1422 2
. 1—22
avec : sinx = et cosr = ——.
+ 22 1+ 22
2
2. 13_222 + 31;22 2dz 322 +42+3 dz
Iy = 2 12 < 2 = 2 X 2
3.2, 4 2-Z 1+ 2 —2z24+6z2+2 14z

*14-22

_ /322—42—3X dz _/ 322 —42 -3 &
- 22-32—1 " 1422 | (z—21)(z—2) (14 22)

1422

avec:
3—+13 34+ V13
7= —F7—¢€t2zg=—_—.
2 2
Donc:
I4 = / “ dZ+/ a2 dZ+/7agz+a4dZ
z—2 z— 29 1+ 22
In| |+ ap In| |+a3/22d+/1d
= ailn|lz—=z asln|z — z = | ——=dz+a ——dz
1 1 2 2 5 1522 L Ry

= a11n|z—zl|—i—aﬂn\z—zﬂ—i—%ln(l—&—zz)+a4arctanz—|—c,c€R.

alln‘tan (g) —zl‘ —l—agln‘tan (g) —22‘ + agln (1+tan2 (;)) +a4g +c,ceR.

Notons que:

I 322 -42-3 . 322 -42-3

g = lm-—r-——"ay=1lm —m——

! imo (2 —29) (14 22) 7 25z (2 — 21) (L + 22)
. . 322 —42-3 7 1.

et azgi +a4 = lim = — = ——1.

2¢éme méthode:

14:/2sinaj+3(:osxd :/cosxXQEigi-I-Sd _/2tanx+3

—_— dx ¢ T = .
3sinx + 2cosx cosST 322‘34—2 3tanx + 2

On pose: t =tanz = dt = (1 + tan? m) dr = dx = %, ce qui implique que:

/2t+3 dt
I4 = X —F
342 142
aq ast + ag
- dt+ [ 298 g
/3t+2 +/ 1422
ay 3dt a9 2t / 1
_ i —
3 [ sira 2 /152t 11

= C;—1ln|3t—|—2|—|—C;—an(l—&-t?)—|—a32u1rctant—&—c,cER.

avec:

2t+3 ¢ ani 4 I 2t+3

m ——-5 €t asg? a3z = 111m
t—»—% 1+t2 2 3

1
Is = | —————du.
° /2—sin2x

ap =



On pose:

2dz T
r = 2arctanz:>dx:7,(z:tanf>
1+ 22 2
. 2z
avec : sinz = .
14 22
1 2dz 1+ 2
° /2 2. \2 1422 /2+422+224—422 “
- (&)

/1+z . _/ 142 .

1424 (22 =V2241) (22 + V22 +1)
a1% + ag / azz + ayq

= 76‘[2 B — z
—V2z+1 2242241

Puisque:

14 22 ) .
flz) = 114 est une fonction paire alors:
z
1

a; = a3:0€ta2:a4:§.

[ 1/ dz +1/ dz
T

)

N|—=

/(\/ﬁz—l)z / \fz+1

= %arctan(\@z—l) Tarctan(\[z—&-l)—kcceR

1
= arctan (\[tan - — ) — arctan (\ftan 3 + 1) +c,ceR.

V2
/ sinx
1 +51n:17

On pose:

2dz x
r = 2arctanz = dr = ——, (z = tan7>
1+ 22 2

2z
14 22"

avec : sinx =

22 2dz z
Iy = 1tz :4/ d
6 /1+1+21+z2 (I1+22)(22422+1) :

= 4/%@:4/ = dz+4/“722dz+4/wdz
(1+2%)(z+1) z+1 (z+1) 241

4a 2z 1
= 4a11n|z+1‘_ Z+21 +2a3/227+1dz+4a4/md2

= dajln|z+1| -

a21 (z2 + 1) + 4a4 arctanz 4+ c,c € R
4a2

- () 1]
G \tang )+ (tan2) + 1

2
+ 2a3In ((tani) —|—1> + 2a4x +c,c € R



Notons que:

I : L et agi +ay = i : L
a = m ——s=——¢tastt+tayu=Ilm —————- = -
2 a——1 (14 22) 2 T i (2422 +1) 2
= a3:Oeta4:§.
Pour z = 0 et par identification on trouve: 0 = a; + as + a4 = a; = 0.
I 2 +x + eR
= ——+——+2x+cc
6 (tan%) +1 ’

5
17:/ 22 arctan zdx
-5

La méthode est I'intégration par parties mais dans ce cas:

f(x)= z? arctan z est une fonction impaire, ce qui donne que I; = 0.

s i
4 cos2x 4 cos2x
Ig = 3 der =2 Tdfﬂ
_x cos’z o cos?x
car: f(z) = <522 est une fonction paire.

cos? T
usy .
T cos?y —sin’z
Is = 2 —2d$
0 cos?

T 9. (1 9
B 2/4 cos?z — (1 — cos z)d
0

x
cos? x

T 2cos?z —1 1 T
:2/ %dz?/dm—2/ —dx
0 COsS“ T 0 0 COS“ T

= 2[:5]0% —2[tanx]0% = 2% -2 (tan% —tan()) = g -2

)

Exercice 06: )
™ 2 fusl .
2 Ccos” T 2 sin“ x
1= ——dz et J = —dx
o SInx -+ cosx o SInx—+cosz

1) Calculons, et en déduire que I = J, en effet:

2 cos?x —sin’x 2 (cosx — sinx) (sinx + cos x)
I-J = —dz = - dx
0 Sinx+cosx 0 (sinx + cos x)

™

2 ™
= / (cosx —sinx)dr = sinz +cosz|f =1—-1=0
0

=1=J
2) Vérifions que: Va € R,cosz +sinz = v2cos (z — T)
En effet: Vo € R,

V2 cos (:r — %) = \@(cosxcos% + sin z sin %)

2 2
= \/5 <cosm\2[ + sinx{) =cosx +sinz.

3) En déduire que:

cosx

I+J:\/§/4 dz
0



jus 2 -2 us
2 cos”x +sin“x 2 1
I+J = ———dr= | ——————dx
0 SInx -+ cosx o SInx -+ cosx

z 1
———dx,d’apres2
/0 V2 cos (:B — %) P )

I+J—1/gldx
V2J)o cos(z—Z)

onpose: y =z — 5 = dy=drv =

I+J L[t d
= = Y,
V2 ) =z cosy

2 i

1
= dy, car la fonction est paire,

ﬁ o COSYy
Tl
= \/5/ dx
0

COS ™

4) Le calcul de I + J et en déduire les valeurs de I et J?

i
I+J:\/§/
0

COS T

dx,

Cp = - _2_ o — 1=27
on pose: x = 2arctan z = dx = 1+Z2dz et cosz = 1Toe

et quand: z=0=z2z=0etsiz =7 = z=tan g

=
T tang 1422 2
/ de = / L:xidz
0 CosT 0 1—z2 1422
tan & 1
By
0 1—-2
tan g 1 tan g 1
:/ dz+/ dz
0 11—z 0 1+Z
an T 1 tan%
— [Im(-2) 4+ 8:[1n< “)]
1-2/],
1+tanZ
— In Lrtang )
1ftan§
Alors:
I—-J=0
l1+tan Z
I+J:\/§1n(1—tan§>
=

1 1+tanZ
[:J:1H<+an7§>_
\/i 17tan§

Exercice 07: Calculer Iaire d’un disque de rayon R, a l’aide d’une intégrale définie.

Léquation du disque est: 22 +y? = R%Ici f (z) = VR2 — 22, I'équation de la partie supériere du disque.
R
S = 2/ vV R? — 22dx
-R

23/_3/1 - (%>2dm,



par la méme méthode de l'intégrale I, de I'exercice 03, on trouve:

2
5:2% =rR2.



